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SGD: xy1 = Xk — Tk Ve, (Xk) Convergence rate: O(El—z)

Why is it slow?

Because Vf, (xk) # Vf(xk) = Var[Vfe, (xk)] =E [||Vfz, (xk) — VF(x)[|?] #0
Goal: decrease variance.

Minibatch-SGD:
Sample 8, € {1,2,..., N}

Xk+1 = Xk — ‘5|ZV'C Xk)
i€8k

Idea: increase batch size |8] < closer to GD update

Good for convergence, not good for complexity.
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Variance reduction update:
gk = Vg, (xk) = Vi, (y) + Vi(y)
For any y, vector gy is unbiased: E [gi] = V£ (xx)
o ldeally, y =xx = gy = Vf(xx) = variance =0 <— expensive
o Ify=x,2and x) —xx 2 =0 = +— less expensive

Vi(xk) — gk = (VF(xe) = VF(xk—2)) = (Vfe, (xk) — Ve, (xk—2)) = 0

e Can we take y = xx 1007 +— even cheaper

Infrequently compute a full gradient Vf(y)
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Total complexity = amount of computation to reach e-accuracy.

GD: x41 = xx — TVF(xk)
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SVRG: x4 11 = xx — T (VF(wi) + VFi(x) — Vi(wi))

Assumption: f; is convex and L-smooth; cost of Vf; is O(1)
f is Lf-smooth
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Iteration cost N x O(1) O(1) 0(1)
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Saddle point problems

Minyex Maxyey f(x,y)
Assumption: f is a convex-concave smooth function, X, Y are closed convex sets

Optimality condition:
X : (Vif (x5, y*),x—x") 20 ¥xeX

y:  (=V,f(x"y ) y—y")=0 vyely

<—
(vxf(x*’y*) >’<X—x*> 20 V(X,y)exxg
=V, f(x*, y*) y—Vy"
—_—
F(z*) z—z7"

Variational inequality:

find z* € Z such that (F(z*),z—2z*) >0 VzeZ

Assumption: F is monotone: (F(z) — F(z'),z—2z') >0 Vz,z/ €2 .
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Matrix games: minyca» maxycam (AX,y)
Constrained optimization: min, f(x) st. h(x) <0 — mingymax,>o f(x) + yh(x)
Structural minimization-1: min, f(x) + g(Ax) — minymax, f(x) + (Ax,y) — g*(y)

Structural minimization-2: min, maxj—1,_m fi(x) — minymax,ecam y_yifi(x)

Robustness (adversarial training)

mjan(x,a,-,b,-) — mxinrpeag( . f(x,a; + 6, b;)

ERM Robust ERM

Generative adversarial networks, GANs.
Two player game between two neural networks.
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Assumption: f is a convex-concave smooth function
Harder than basic minimization min, f(x): worse rates, more complicated algorithms, etc.

Example: gradient descent-ascent

Xk+1 _ Xk _t
Yk+1 Yk
—_—— =

Vaf (i, Yi) ]

_vyf(xkv Yk)
| —
Zj41 Zy F(zx)
Ziy1 = 2k—TF (z4) +— doesn't work

12



(F(z*),z—2z") >0 VvVzeZ

Assumption: F is monotone and Lg-Lipschitz
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What works

(F(z*),z—2z") >0 VvVzeZ
Assumption: F is monotone and Lg-Lipschitz
Extragradient method: [Korpelevich, 1976]
Zi1/2 = Pa(zi — TF (24))

21 = Pz (zk — TF(zk41/2))

Def. w € Z is e-solution if Gap(w) < ¢, where Gap(w) = max,ce(F(z),w —z)

Let T € (0, L—lF) Then zy — z. € Sol and Gap(zX) = O (L_;>

(zX) is the average of (z4.1,2)



Finite-sum structure

minmax f(x,y) = fi(x,y) + -+ fu(x,y)
xeX yeY
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minmax f(x,y) = fi(x,y) + -+ fu(x,y)

xeX yeY
o fol(xy}’) vfo(Xry)
Fle = vyfl(x,y)] ! Vyf/v(x,y)]
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Finite-sum structure

minmax f(x,y) = fi(x,y) + -+ fu(x,y)

xeX yeY
o fol(xy}’) vfo(Xry)
Fle = vyfl(x,y)] ! Vyf/v(x,y)]
Fi(z) Fn(z)

=F(z)+- -+ Fn(2)

State of the art:
[Balamurugan, Bach, NIPS, 2016]: Strongly-convex-strongly-concave case is covered.
[lusem et al., SIOPT, 2017]: With increasing minibatch size.

[Carmon, et al., NeurlPS, 2019]: Matrix games, generic case requires unnatural assumptions.
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Proposed algorithm
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Proposed algorithm

1: Input: Probability p € (0, 1], step size T, & € (0, 1), and zo = wg

2: for k=0,1,... do

3 Zx = oz + (1 — o)wy

4:  Sample &, € {1,..., N}

5 Zpy1/2 = Po(Ze — TF(wyi))

6:  zky1 = Pz(Zx — TlF(wi) + Fe, (zk41/2) — Fe, (Wi)l)

Zky1, with probability p
T Wkl = . .
W, with probability 1 —p

8: end for
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Proposed algorithm

Zt1/2 = Pa(zik — TF (z4))

Zk1 = Pz — TF(zk41/2))

1: Input: Probability p € (0, 1], step size T, & € (0, 1), and zo = wg

2: for k=0,1,... do

3 Zx = oz + (1 — o)wy

4:  Sample &, € {1,..., N}

5 Zpy1/2 = Po(Ze — TF(wy))

6:  zky1 = Pz(Zx — tlF(wi) + Fe, (zkv1/2) — Fe, (W)l

Zky1, with probability p
T Wkl = . .
W, with probability 1 —p

8: end for

When there is no randomness, i.e., p=1and Fx = F = wWyy1 =241 = Zx = 2z 15



Zpy1/2 = Pz (Z — TF (wy))

Zkr1 = Pa(Zx — TlF(wi) + Fe, (Zks1/2) — Fe, (Wil
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Zpy1/2 = Pz (Z — TF (wy))

Zkr1 = Pa(Zx — TlF(wi) + Fe, (Zks1/2) — Fe, (Wil

e [ is monotone
e Unbiasedness: E[F¢(z)] = F(z)
e Lipschitzness: E [||Fe(z) — Fe(2')]1?] < L2|lz—2/|?
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Analysis

Z1/2 = P2(Zx — TF (wy))

Zkr1 = Pa(Zx — TlF(wi) + Fe, (Zks1/2) — Fe, (Wil

e [ is monotone
e Unbiasedness: E[F¢(z)] = F(z)
e Lipschitzness: E [||Fe(z) — Fe(2')]1?] < L2|lz—2/|?

Let pe (0,1], x=1—p, and T € (0, %) Then, z; — z, € Sol a.s. and

E [Gap(zf)] =0 (ﬁ) :



Complexity

Deterministic setting

e Fis Lg-Lipschitz: IF(z) — F(z")|| < Le|lz—Z/|

L
Convergence rate: O (F>
€
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Complexity

Deterministic setting
e Fis Lg-Lipschitz: IF(z) — F(z")|| < Le|lz—Z/|
L
Convergence rate: O (:) —> Complexity:

L L
O (;) x cost(F) =0 (eF) x N x cost(Fg)
Stochastic setting

=F(2)

e Unbiasedness: E ]
z) — Fe(2)|?] < L]z —2'|]?

e Lipschitzness: E

(Fe(2)
[IIFe(
L :
Convergence rate: O () = Complexity:
N3
L
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Complexity

Deterministic setting
e Fis Lg-Lipschitz: IF(z) — F(z")|| < Le|lz—Z/|
L
Convergence rate: O (:) —> Complexity:

O (LEF> x cost(F) =0 (LEF) x N x cost(Fg)
Stochastic setting
e Unbiasedness: E [F¢(z)] = F(z)

[
e Lipschitzness: E [||Fe(z) — Fe(2')]1?] < L2|lz—2/|?

L :
Convergence rate: O () = Complexity:

N3
O (\/LI3€> X (pN 4 2)cost(Fz) = O (é) x /N x cost(Fg)

. . . . . . 1
The same improvement as in the minimization case! !



How big is improvement?

F(z) = F1i(z) + - - - + Fn(2), each F; is Lj-Lipschitz

L
Deterministic: F is Lg-Lipschitz =— O (eF) x N x cost(Fg)

L
Stochastic VR: Fg is L-Lipschitz — O (£> x VN x cost(Fg)
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L
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Unfortunately, Lr < L. What is good Fg(z)?
Example:
e Uniform sampling: Fg(z) = N - F;(z), where & = i with prob p; = ﬁ

= L= NmaxL;

e Weighted (importance) sampling: Fs(z) = + F( ), where & = i with prob p; = ZLLJ

= L:L1+~--+LN
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Generalizations

1. Bregman setting (require two loops)
2. General Vlis: (F(z*),z—z") + g(z) —g(z*) > 0: Pz — prox,
3. Another algorithms:

e Forward-backward-forward

Zyy1/2 = Pz (z — tF(z4))

Zj11 = Ziyry2 — TF (Zir1/2) — Fz4)]
e Forward-reflected-backward

211 = Pz(zi — T[2F (2) — F(zi—1)])

19
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Zk1 = Pz — TlF(wi) + Felzir1/2) — Felwe))

linear

e Easy to get rate for Gap(E [z¥]), harder for E [Gap(z")]
e Good complexity for matrix games minyca» max,cam(Ax, y) require

(i) Bregman case, {; geometry
(ii) Variable distributions

.
Flz) = CAQ

Ax = x3A1 + -+ + x,A., = stochastic oracle Ag is easy

But we need it for Fg(z11/2 — wk) e
Ae(x—x') = =Ay(x —x') bj = Prob{e, — j} = S5
=LA o —x), o ProblE = = TN
’ p : =Tl

x,x" are parts of z, 1,5, wx == every iteration we have to change the distribution!

[Grigoriadis & Khachiyan, 1995], [Carmon et al. 2019] 20



Illustration

N
R R )

1000 b

05 |

-
5

0 |

Duality gap
Duality gap

1015 L
~@- Deterministic ~@- Deterministic
102° - |l Carmon et. al. \ I Carmon et. al.
Ours 107 | <k Ours
107%°
0 2000 4000 6000 8000 0 2000 4000 6000 8000
epoch epoch
=500 random iid matrix from [0, 1]"*" n = 500

'policeman and robber’ problem, n =

21



Take-away 2

e variance reduction is possible for saddle point problems/VIs (without any extra
assumptions)

e good complexity requires good stochastic oracles
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assumptions)

e good complexity requires good stochastic oracles

Open question: good lower bounds are unknown. Can we go beyond v/N improvement?
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Take-away 2

e variance reduction is possible for saddle point problems/VIs (without any extra
assumptions)

e good complexity requires good stochastic oracles
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Y. Han et al. “Lower Complexity Bounds of Finite-Sum Optimization Problems: The Results
and Construction” arxiv:2103.08280
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