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Motivation

(H, d) is a complete metric spaceand 7 : H— H.

Find x € Fix 7.
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Motivating Applications

@ Computing mean trees:

Phylogeny

Clade A

| s [7] Atb/13sk

| EZ A1b/135N

[ ALL/137F

[N ALL/197R

oA [7] Atb/oaN
Ata A2

E At = e

[ Atb/13ik [ Given trees T17 T27 LR TM € HBHV

minimize F(T) := ;> d*(T, T))

TeHpny

(Owen [2011], Sturm [2009], Bagak
pci ”‘*’m [2014])

Aib/%%ﬁ

(https://nextstrain.org/flu/)

(joint work with Arian Berdellima and Florian Lauster)
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Motivating Applications

@ oco-dimensional operator equations (Butnariu and Flam [1995])
@ distributed optimization (e.g. stochastic gradient descent)
@ Markov chain Monte Carlo methods (Diaconis [2007, 2008])

Random Function Iterations
Given X° ~ p, generate

X = Fe XK (k=0,1,...)

(joint work with Anja Sturm and Neal Hermer [2019, 2027])
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Motivating Applications

@ Single-shot Femtosectond X-ray Imaging

Proteinof | sigenoecse | Scattering

Interest

Images

Reconstructed Protein
Electron Denstty

real space

Prase

30 Phaseless

HEtOgam_ o Three-Photon
Corrlations

Yarw
Rotation-

based

Retrievel
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Fourier density

Fourier space

MC Structure
|Determination
A

correlation space

(joint work with Helmut Grubmdiller)
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R" solve

Ax=>b
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R" solve

Ax=b <= xe [ 4
j=1,2,....m

where Lj={y|(a, y)=b;}
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R" solve

Ax=b <= xe [ 4
j=1,2,....m

where Lj={y|(a, y)=b;}

Cyclic Projections J

Xk_‘_1 = PL1 PL2 . Xk

m
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R™ find

xel:= () L#0 = Cyclic Projections:
j=1,2,....m

where L = {y |(a, y) = b} X =P P, P XK

m
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R™ find

xel:= () L#0 = Cyclic Projections:
j=1,2,....m

where L = {y |(a, y) = b} X =P P, P XK

m

Convergence Theory

If Ais full rank then cyclic projections converges either finitely or linearly to
some X € L from any starting point.
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R™ find

xel:= () L = Cyclic Projections:
j=1,2,....m

where L = {y |[(a, y) = b}

k+1 k
Xt ZPL1PL2~-~PLmX

m=50,n=60

100

1010

1020
o 2000 4000 6000 5000 L0000
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R™ find

xelL:= ﬂ L; =  Cyclic Projections with errors:
j=1,2,....m
where Lj = {y | <aj, y> = bj} Xk+1 = PL1 :D[_2 G P[_ka + €k
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Motivating Applications

Linear Systems of Equations
Given A € R™" and b; € R™ find

xelL:= ﬂ L; =  Cyclic Projections with errors:
j=1,2,....m

where Lj = {y | <aj, y> = bj} Xk = PL1 :D[_2 s PLka + €k

Convergence Theory
If Ais full rank then cyclic projections with vanishing errors converges. J
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Motivating Applications

Does not explain:

m=50,n=60
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e Case Study: Random Function lterations
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Let Fi: R” — R", i e |, where | is an arbitrary index set, ¢ is an /-valued
random variable.

Algorithm 1 RFI: Random Function lterations
Initialization: X° ~ u
fork=0,1,2,...do
Xk+1 — ngxk
return {X*}xcn

Markov Chain

A sequence of random variables (X*)ken,, X¥ : (Q, F,P) — (R", B(R")) is
called Markov chain with transition kernel p if for all kK € Ny and A € B(R")
P-a.s. the following hold:

Q@ P (XK A[XO, X!, XK) =P (XK1 € A| XK);
@ P (XK' e A| XK) = p(X, A).
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RFl is a Markov Chain

Markov Chain

A sequence of random variables (X*)xen,, X¥ : (Q,F,P) — (G, B(R")) is
called Markov chain with transition kernel p if for all kK € Nyp and A € B(R")
P-a.s. the following hold:

Q P (XK1 e A[XO X!, XK) =P (XK1 € A| XK);
@ P (XK' e A| XK) = p(X, A).

RFI as a Markov Chain

XK = Fe, XK= o(X*, &) (k € No) as a time homogeneous Markov chain
with transition kernel p:

(x eR")(A€ BR")  p(x,A) = P(d(x,£) € A) = P(Fex € A)

Russell Luke (Universitét Géttingen) Inconsistent stochastic feasibility One World Optimization Seminar Earth, May 4, 202(



Example: Deterministic optimization

minimize  fi(x) + f(x)
X

X0 ~ §(x0), I= {1}, then Ty = T; for £ ~ §(1) and

Proxy, o, ProXy, o, alt prox
3 (Rt 0y R0, +1d)  Douglas-Rachford

k+1 _ k —
SO = g iR 1 = prox;, ,, (Id—1V£) forward-backward
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Example: Randomized algorithms

T p L ~
pisimze, 600+ S ) )
subject to x=-ATy

where AT = [A],A],... Al

Algorithm 2 Random Block-coordinate Primal-Dual Algorithm (L. Malitsky
2018)

Initialization: Choose 7 > 0, o = (00,01,02...,0n) € RY,. Choose y' =
0OcR™ andsetx' =u' = -ATy' =0 R".
fork=1,2,...do
Choose i € {0,1,2,..., M} uniformly at random

Update:
v

Kk ky.

= proxmfi(yi — 0jAix");

k1 _ AT ( k+1 kY.

S = ATy = yf);
Uk = gk 4 ﬁ(gkﬂ;

XK = gkt gk | gkt

return ((x*, y"))kGN
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Markov Operators and the Stochastic Fixed Point
Problem

Markov operator 7

@ (dual) The Markov operator 7 : Z(R") — Z(R") acting on a measure
w € Z(RM) is defined via

(A<BEY)  T(A= [ plxAp(E).

Stochastic Fixed Point Problem
Given a Markov operator 7,

Find gmeinvT ={u|Tu=pn}(=FixT)
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0 Quantitative Convergence Analysis: Fundamentals
@ Almost a-Firmly Nonexpansive Mappings in Metric Spaces
@ Metric Subregularity and Rates
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Basic Quantitative Convergence
Linear Convergence of Fixed Point Iterations in Nonlinear Spaces

(H, d) is a separable complete metric space and 7 : H — H. For u € H define W to
be a reasonable surrogate function. Suppose that Fix 7 # 0 and

@ forafixed o € (0,1) and all € > 0, there is a § > 0 such that 7 is pointwise
almost a-firmly nonexpansive at all points in S C Fix 7 with constant a € (0, 1)
and violation e on Ss := U cpy {1 [ d(p, 1) <6},

@ WV is metrically subregular for 0 on Ss \ Fix 7 with constant .

Then, for any 1° close enough to Fix 7, the iterates %" = 7. converge R-linearly in
the metric d to some 7z € Fix 7 with

d (M“,Fix T) <cd (uk,Fix T) VkeN,

where ¢ := 1+57(L*T§) < 1.

Proof:
@ Apply the definition of metric subregularity.
@ Apply the definition of almost a-firm nonexpansiveness
© Rearrange the inequality.
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Recent Deterministic Results in Euclidean Spaces

Convergence of Prox algorithms

Cyclic projections converges linearly to Fix Tep in the following instances:

# Q; convex, empty intersection (global) [L. Tam, Thao, 2018]
[L. Teboulle, Thao 2020]

# Sparse affine feasibility - Q4 affine, Q2 a sparsity set (global)
[Hesse, L., Neumann 2014]

# Q nonintersecting rings (local)

[L. Tam, Thao, 2018]

“# real world phase retrieval (local) [L. Tam, Thao, 2018]

“# Douglas-Rachford converges linearly to Fix Tpg for consistent feasibility of
reasonable sets with nice intersection [Hesse, L. 2013; Phan 2016]

# relaxed Douglas-Rachford converges linearly to Fix Tpry for inconsistent
feasibility for nontangential circles and cones [L., Martins 2020]

“# ADMM dual sequence converges Q-linearly for piecewise linear-quadratic
objectives and linear equality constraints [Aspelmeier, L., Charitha 2016].

One World Optimization Seminar Earth, May 4, 202(
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Almost o-firmly Nonexpansive Mappings in Metric
Spaces

[Berdellima, Lauster, L. (2020), L. Tam Thao (2018)]

Let D ¢ H nonempty closed, andlet T : D — H.
The mapping T is said to be pointwise almost a-firmly nonexpansive at xo € D
on D whenever there exists a constant « € (0, 1) such that

A?(Tx, Txo) + (1 — (24 €)a)d?(x, %) < 2(1 — a)Ar(x,x) VYxeD
where
A7(x,x0) == d?(Tx, x0) + d?(x, Txo) — d?(Tx, x) — d?(Txo, Xo)

When the above inequality holds for all xo € D then T is said to be almost
a-firmly nonexpansive on D. When e = 0, drop “almost”.

This is a generalization of averaged operators introduced and studied by
Krasnoselsky [1955] and Mann [1953], Edelstein [1966], Gurin, Polyak&Raik
[1967], Nussbaum [1972], Baillon, Bruck& Reich [1978]. See Bauschke&
Combettes [2017].
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a~firmly Nonexpansive Mappings in Hilbert Spaces

‘H is a Hilbert space

Let D ¢ H nonempty closed, and let T : D — H.

The mapping T is a-firmly nonexpansive on D whenever there exists a
constant a € (0, 1) such that

I Tx — Ty||2 + (1 — 20)|x — x0|]2 < 2(1 — a)A7(X, X0) vx,y €D
—
[ Tx — Ty[? < [Ix — %02 — :5247(x, X0) Vx,y € D

(e

where

Ar(Xx,X0) == (x —y, Tx = Ty)
Pr(X,y) = dP(Tx, x) + ®(Ty, y) + d*(Tx, Ty) + d*(x, y)
_dz(Txvy) - dZ(X’ Ty)

= |(d=T)x — (d—=T)y .

a-firm nonexpansive mappings are nonexpansive.

v
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Almost a-firmly Nonexpansive Mappings

Examples
@ projectors onto convex sets (Hadamard spaces): a-firmly nonexpansive
with o = 1/2;

@ projectors onto sets that are super-regular at a distance (Euclidean
spaces [L. Martins, 2020]): almost a-firmly nonexpansive for each € > 0
on neighborhoods.

@ steepest descent directions for sufficiently smooth functions (Euclidean):
almost a-firmly nonexpansive for each ¢ > 0 on neighborhoods.
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Calculus of Almost o-firmly Nonexpansive

Mappings: consistent
Let
@ (H,d) be a Hadamard space;

@ T;: H— H be pointwise a-firmly nonexpansive on H at all points in
Fix T; with constant «; € [0,1) (i = 1,2);

@ Fix Ty NFix T, # ( (consistent)

Compositions [Berdellima, Lauster, L. (2020)]

Define 7 := T; o To. Then T is pointwise a—firmly nonexpansive on H at all
points in Fix 7 # 0 with constant

a1+ ap — 2aq a0

1—aqan

Convex Combinations [Berdellima, Lauster, L. (2020)]

For A\ € [0, 1] the operator 7 = ATy + (1 — \) Tz is pointwise a—firm on H at all
points in Fix Ty N Fix T, with constant v = max{«a1, az}.

v
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Calculus of Almost o-firmly Nonexpansive
Mappings: inconsistent stochastic feasibility
Summary of key objects

@ Fi: R" R foriel;F: IxR" = R": F(i,x) := Fi(x)

@ v a probability measure on (/,Z), and £ ~ v [-valued r.v.

@ X~ puxe ZRNand Y ~ py € Z(R")

@ XU &Y U Eand X AL Y.

@ 7T the Markov operator with transition kernel p(X, A) := P(F: X € A)

@ inv7 nonempty and closed

° 1/2
duyi= (ot [ lx vl )
’YEF(M,U) RAXRN
where I'(u, v) is the set of couplings of p and v.
°

Z/JF5(X7y) = dz(FEXVX) + d2(F§y7y) + dz(fov ng) + d2(x,y)
—d?(Fex,y) — dP(x, Fey)

@ S5 :=Upzciny7 {0 | d(11, ) < 6} for a nonnegative real 4.
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Calculus of Almost o-firmly Nonexpansive
Mappings: inconsistent stochastic feasibility

Let

@ F;: R" — R" be a-firmly nonexpansive in expectation on R” with
constant o; < « € [0,1) (i € /, possibly uncountable);

o 7: ZR)— Z(R) be the Markov operator corresponding to the random
function iteration with F; and the metric d the Wasserstein metric;

@ invT # 0 (but possibly N;c;F; = 0 — inconsistent)

a-firm Random Function lterations — a-firm Markov Operators
[Hermer, L., Sturm (2020)]

For any iz € inv T, the Markov operator 7 satisfies

E(Tin ) < a2 [ Ecluelx plr(ok. @)
(Vo € invT)(Vu e 2(R"))
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a~firmly Nonexpansive Mappings in Hilbert Spaces

Compare the above to:

The mapping T is a-firmly nonexpansive on D whenever there exists a
constant « € (0, 1) such that

ITx = Ty|l? < [Ix — x| = 52¢7(x, %)  ¥x,yeD

where

dr(x,y) = (T, x) + (T, y) + d?(Tx, Ty) + d?(x. y)
_dz(TX7y) - dZ(X’ Ty)
= (1 ~T)x — (- T)y|1>

a-firm nonexpansive mappings are nonexpansive.
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Regularity at Fixed Points

Metric (Sub)regularity

Let (G, dg) and (M, dy;) be metric spacesandletV: G= M, D C G,
V C M. Let u be some gauge function. The mapping V is called metrically
regular with gauge . on U x V relative to A C G if

inf < v
ze\l’l—q(y)ﬂ/\ dG (X7 Z) = /j‘(dM (yv (X)))
holds for all x e DN A and y € V with 0 < xdy (¥, V(x)) where

V-1(y) ;= {z |¥(2) = y }. When the set V consists of a single point,

V = {y}, then V is said to be metrically subregular for y on U with gauge
relative to A C G.

[Aze (06), Klatte&Kummer (09), loffe (11, 13), Ngai& Théra (04, 08)],
Dontchev&Rockafellar (14), Kruger, L. &Thao (16)]
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Necessity of Metric Subregularity

A brief detour:

Metric Subregularity is necessary for linear convergence

@ Metric subregularity with linear gauge is necessary for linear
convergence of fixed point iterations (L.Teboulle-Thao [2019]).

@ The KL property and existence of error bounds are equivalent to metric
subregularity with some gauge p. Lots of other equivalent notions (see
Kruger-L.-Thao [2018]).

@ ployhedrality and isolated fixed points imply (linear) metric subregularity.

vy
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e Examples and New-Old Results
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Example: Randomized algorithms (distributed
computing - nonseparable)

minimize  f(x) = > fi(x)

iel

Stochastic gradient descent

@ fi: R" — R strongly convex with constant u; > > 0, bounded below
and has with L-Lipschitz continuous gradient Vf; Vi € I.

@ F :=E[f] has a minimum at X

@ For T¢ :=Id — AV, with fixed step size A € (0, L2) given X° ~ y generate
the sequence

X = T XX )

v
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Example: Randomized algorithms (distributed
computing - nonseparable)

Stochastic gradient descent

For T := Id — V. with fixed step size A € (0, 2), given X° ~ 1 generate the
sequence

Xk+1 _ TEka (2)

@ There exists an invariant measure (actually, existence of the invariant
measure holds for step sizes up to 1/L)

@ T;is a-firmly nonexpansive in expectation with averaging constant
a=\2/2p.

@ Forany i € inv T, the Markov operator 7 satisfies

(Thp) < up) — - [ Eelve(yla(oxay)
« GxG
(VE € inv T)(Vp € P(R"))

4
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Example: Randomized algorithms (distributed

computing - nonseparable)
Stochastic gradient descent

For T¢ := Id —A\Vf; with fixed step size A € (0, %’;), given X° ~ y generate the
sequence

Xk+1 — Tkak (3)

@ Forany i € inv T, the Markov operator 7 satisfies

A(Tiu) < d(ui) =+ [ Belve(xpla(okd)
(Va € inv T) (7 € 2(R"))
o If 12
vi)i= ([ Bt (k) . veCulum)

is metrically subregular (KL, etc), then convergence can be quantified.

Russell Luke (Universitat Goéttingen)
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Example: inconsistent feasibility
Recall:

Linear Systems of Equations
Given A € R™" and b; € R™ find

xel:= (] L = Cydlic Projections:
j=1,2,....m
where L; = {y [ (&, y) = b; } X =P P PxK

m=50,n=60

100

1015

10-20
02 04 06 08 1 12 14 1.6 18 2
1

0 2000 2000 6000 8000 10000
~10°16

v
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Example: inconsistent feasibility

Careful how you model noise:
Let
Pex=Px+§& (j=1,2,...,m)
Define
Te =Py ooeeo Pe, €=(&,..-,&m)-

Suppose the noise §; is isotropic, in particular,

P((h,g)>0)=B>0 (j=1,2,...,m) Vhe[|L;with|h]=1.
J

Then there does not exist an invariant measure for the Markov chain.

The projections are not exact with random error, but rather exact projections
onto randomly selected sets.
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Example: inconsistent feasibility

Better noise model:

! LED = Ix eR" | (g +£,x) = b+ ()
7 = TG, X) = U

where (¢, ¢) € R" x R is random and independent. Define

€0, @+&x)—(g+q),
T lgvap @+

Let ¢ be isotropic and ||| < ||&;|| and ¢ have bounded variance.
Then

® Tigyi= P oo PREmSn) = (&1, ).
@ the Markov operator possesses a unique invariant measure.

@ the surrogate function W(u) is (linearly) metrically subregular on Z2(R")
for 0 with constant «

@ the distributions yP* — = Q-linearly with rate

vy
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Example: inconsistent feasibility

This seems to address
m = 50,n =60

...assuming that the roundoff error can be modeled by this random process.
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