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Monge’s Problem

A do (e R dor St g Page. 7p. P XV

z

et oy

déblais
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Fig. 3.1. Monge's problem of déblais and remblais

B (E, D) — metric space;

B C(z,y) : E x E — R, —transportation cost function;

B i, v € Py(E) - measures to be transported;

® Transportmap T : E — E,st. VB, p(T~Y(B)) = v(B) <= v = Ty pu.
inf /E Cla, T(2))u(dz).

G. Monge, Mémoire sur la théorie des déblais et des remblais, 1781.
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Kantorovich’s relaxation of OT problem \kztxx;;,é‘ é

Instead of Transport map T : E — E, consider Transport plans 7 € P(E x E).
7(x, y) — amount of mass transported from x to y.
Constraints become linear:

) = {xePEx ) [ nwapty=pto). [ wtepas= vt}

inf / C(z,y)dr(x,y).
ExE

TEU(p,v)

Main feature: lifts ground metric of a space E to the metric in the space of measures
on FE, e.g. p-Wasserstein distance:
WP (pu,v) = inf D(z,y)Pdr(z,y).
meU(p,v) JExE

L. Kantorovich, On the transfer of masses, 1942.
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Discrete-discrete optimal transport hzx‘:"‘e‘ J

B, € R i =1,...,n—supportof 1i; CP"' ’ !
m oy, €R? i=1,.. n-supportof v; .‘X
i v Xija H
mu=> " a6(z;), a€Sy(l); .."‘
[ PR SRR PR
H= Z?:l bj(S(yj), be Sn(l); . b ;..6
m C;; =C(z,y;), 1,j=1,...,n—ground cost -
matrix; I
|5 | \c,
B X,; =n(z,y;), 4,5=1,...,n—transportation | 7 roL

plan;

Optimal Transport (OT) Problem

n
in (C,X)= 3" Cy Xy,
Xérbltl(g,b)< »X) Z SR

i,j=1

U(a,b) :=={X eRT*™: X1=u0a, XT1=0}.
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Building blocks

P(E) - space of measures on E

C'(z,y) — transportation cost

T Y

F — basis space
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Image classification

Goal: classify images from MNIST dataset “

Basis space — pixel grid

MNIST Data: Average CV Error (SYM)

Cost — SqUared Euclidean dis- as a Function of Data Size
0.09
tance =2’
\ . . 0.08; B Chi
Measures — histograms of pixel in- § —f]
tensities 5 00 -
g 0.0 Il Sinkhorn
(=]

Test
o
o
o

Run standard SVM based on dis-
tance between images

0.03

30005000 8000 12000 17000 25000
Datasat Size. 1/4 Train. 3/4 Test. 6 repeats

M. Cuturi, Sinkhorn distances: Lightspeed computation of optimal transport, NIPS 2013.
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Image color transfer

Goal: transfer color from one image to another

Source

Reference
5 T T

M. Blondel, V. Seguy, A. Rolet, Smooth and Sparse Optimal Transport, AISTATS 2018.
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Image color transfer

Basis space — RGB color space [
Cost — Squared Euclidean dis- :

tance
Measures — histograms given by

clustering

HH i =
Bﬁ'ﬁjﬁ“ﬁ T OB
iB rhd"k ? !

P

s oo D) =

EEDI:ID :BUDEG D:\j ED:IE g
E FPE:ED n:u!
g% o |F

M. Blondel, V. Seguy, A. Rolet, Smooth and Sparse Optimal Transport, AISTATS 2018.
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B Numerical methods for OT distances
m Sinkhorn’s algorithm
m Accelerated gradient method
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BH Numerical methods for OT distances
m Sinkhorn’s algorithm
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Possible approaches

Find X €U(a,b) st (C,X)< min (C,X)+e,
XeU(a,b)

U(a,b) = {X eRT": X1 =0, XT1=0}.

B Linear programming problem with complexity O(n?’ In n) arithmetic operations
[Pele & Werman, 2009]. For 103 x 103 image, n = 10°.

B Widespread approach [Cuturi, 2013]. Solve by Sinkhorn’s algorithm an
entropy-regularized optimal transport problem

min (C, X) +v(X,In X).
XeU(a,b)

B NB: Regularization introduces error v(X,In X) € [—yIn(n?),0] = we
need to take v = ©(¢/ Inn).

0. Pele, M. Werman, Fast and robust earth mover’s distances, ICCV 2009.
M. Cuturi, Sinkhorn distances: Lightspeed computation of optimal transport, NIPS 2013.
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Entropy-regularized OT @

Primal problem

in (C,X X, InX
XGI?II(I;,I))< , X) + (X, In X),

U(a,b) = {X e R : X1=a, X1 =0}

Dual problem

max— 3 exp (=20~ - 1)) + (€0 + (0.

i,5=1
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Sinkhorn’s algorithm: dual view

n 1 )
Dual problem: nglf;x — Z exp (_;(C’ij —&i— 7)j)> + (& a) +(n,b)

4,j=1
T _c¢ 1
= Hgl&x—fy(GV) e 7 er +(a)+(n,b).
n
Optimality conditions (gradient equal to 0):

£ —
diag(ew) e
n _enNT ¢
diag (ev) (e 7) e =bh.

Alternating minimization in &, n:

=1Q

’ b
a 7](A,+1) — ’}/hl

_c 2.7 _eN\T et "
e e (e 7) e 7

NB: Adaptive algorithm: no need to know any smoothness parameters.

£(k7+1) = In
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Sinkhorn’s algorithm convergence rate

Denote K := e~ /" u=¢/y,v=n/v, B(u,v) = diag(e") K diag(e”).

Bounds for the iterates and optimal solution [D., Gasnikov, Kroshnin, 2018]

Denote R := —In (vmin; ;{a’,5’}), v := min,; ;K% = e~/ Then

max;ui — min;ut < R and the same bounds hold for vy, u*, v*.

Sinkhorn’s convergence rate [D., Gasnikov, Kroshnin, 2018]

Sinkhorn’s algorithm requires no more than

4R 1
€ VWE

iterations to find B (uy, vg) st. || B(uk, ve)1 — ally + || B(ug, ve)T1 = b]j; < €.

[Altschuler, et. al., 2017]: Project B(ug, v) on U to obtain the desired e-solution.

J. Altschuler, J. Weed, P. Rigollet, Near-linear time approximation algorithms for optimal transport..., NIPS 2017.
D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.

W
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Sinkhorn’s algorithm summary

B Entropy-specific.

a1 1
B Complexity 52 or rate Sk
B Adaptivity.

B May be unstable for small .

Complexity of OT by Sinkhorn [D., Gasnikov, Kroshnin, 2018]

Algorithm outputs X e U(a,d) st. (C, )?) < minxey(a,p)(C; X) +€in

o <n2||c||ic Inn

5 ) arithmetic operations.
€

2 3
Previous bound O ("”Cﬂ#) by [Altschuler, Weed, Rigollet, 2017].

Can we propose something else?

D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.
J. Altschuler, J. Weed, P. Rigollet, Near-linear time approximation algorithms for optimal transport..., NIPS 2017.

W

Alternating Minimization and Optimal Transport - 14.02.2022 - Page 17 (48) A



Content

BH Numerical methods for OT distances

m Accelerated gradient method

Alternating Minimization and Optimal Transport - 14.02.2022 - Page 18 (48)



Drawbacks of entropy regularization

B Blurring in the transportation plan.

B Dense transportation plan.

||| M |||| M ||||| M
-&.FP s @ EEEE S Fp T op o
b a® THE T I
I 0o i g T e
s 'h o o
o M, e I
" aeo8 % 38 lBoagic 50
. ®o o s é:u ]
. L a
o . a® - foc e
L [] a o i
ge o® g8 o ®
Unregularized Smoothed semi-dual (ent.) Smoothed semi-dual (sq. 2-norm) Relaxed primal (Eucl.)
Sparsity: 94% Sparsity: 0% Sparsity: 90% Sparsity: 87%

Lower image: M. Blondel, V. Seguy, A. Rolet, Smooth and Sparse Optimal Transport, AISTATS 2018.
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Regularized optimal transport as a particular case \;Zm;;f J

min {f(z): Az = b},

r€QCE

where
B F —finite-dimensional real vector space;
B () - simple closed convex set;
mA:FE—~HbeH,

B [(x)is y-strongly convex on Q w.rt || - ||z, i.e. forall z,y € @Q,
Y

fy) 2 f(2) +(Vf(2),y —2) + Sz~ yll%-
To obtain entropy-regularized optimal transport problem, set
mE=R"H=R"| |g=].Q=Swe);

B f(x) = (C,X)+v(X,In X); (we can use another regularizer, e.g., || X ||3)
B {z:Az=0b}={X:X1=aqa, XT1 =0}
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Dual problem

mln{f( ): Az =b} = ngg{f(m)—l—irel%}{)i()\,Ax—b)}

~ max {—(A,b) + min {f(x) + (A,Ax}}}.

AeEH

Dual problem:

min {(p()\) = (\,b) + gleaéc{—f(l) — (A, Aw)}} .

AEH*
VoA =b—Az(A), z(A):= argmag?({ff(x) — (N Az)}.
S
V() is Lipschitz-continuous:

o) < 90+ (Vo0 A - )+ LBy g
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Related work

Beck, A., Teboulle, M., A fast dual proximal gradient algorithm for convex minimization..., 2014.
Chambolle, A., Pock, T. A first-order primal-dual algorithm for convex problems..., 2011.

Malitsky, Y., Pock, T. A first-order primal-dual algorithm with linesearch, 2016.

Tran-Dinh, Q., Cevher, V. Constrained convex minimization via model-based excessive gap, 2014.
Yurtsever, A., Tran-Dinh, Q., Cevher, V. A universal primal-dual convex op k, 2015.
Patrascu, A., Necoara, |., Findei: R. Rate of co g lysis of a dual fast gradient..., 2015.

Gasnikov, A., Gasnikova, E., Nesterov, Y., Chernov, A. Efficient numerical methods for entropy..., 2016.
Chernov, A., Dvurech ky, P., il A. Fast primal-dual gradient hod..., 2016.

Li, J., Wu, Z., Wu, C., Long, Q., Wang, X. An inexact dual fast gradient-projection method, 2016.

Lan, G., Lu, Z., Monteiro, R. D. C. Primal-dual first-order methods with O(1/¢) iteration..., 2011.
Ouyang, Y., Chen, Y., Lan, G., Eduardo Pasiliao, J. An accelerated linearized alternating direction..., 2015.

Xu, Y. Accelerated first-order primal-dual proximal methods for linearly constrained..., 2016.
Tran-Dinh, Q., Fercoq, O., Cevher, V. A Smooth Primal-Dual Optimization Framework..., 2015.
Alacaoglu, A., Tran-Dinh, Q., Fercoq, O., Cevher, V. Smooth Primal-Dual Coordinate Descent... , 2017.
* Tran-Dinh, Q., Alacaoglu, A., Fercoq, O., Cevher, V. An Adaptive Primal-Dual Framework..., 2018.

Desired features:

B accelerated convergence rates O(1/k?) separately for () — f* and

line-search/adaptivity to Lipschitz constant;
B entropy friendliness.
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Adaptive Primal-Dual Accelerated Gradient Descent (APDAGD)

Require: Accuracy € f,c., > 0, initial estimate Lo s.t. 0 < Lo.
1:Setip=k=0,M_1= Lo, fo=0ap=0,1m=C = =0.

2: repeat {Main iterate}

3:  repeat {Line search}

4 Set My, = 2571 My, find cvget1 4. Byt := Br + oy = My . Set

Tk = Qky1/Bry1-

5: [Coupling step] Ag+1 = T.Cr + (1 — 7%) 7k
6: [Update momentum] Cj+1 = Cp — @1 Vo(Api1)-
7 [~ Gradient step] 7k+1 = TeCret1 + (1 — %)Mk

~ M1 = A1 — 3 Ve Aet)-

8. until
M, )
©(Mk+1) < Mkt 1) F(VONkt1), M1 — Aey1) + TH%H = Atz

9:  [Primal update] Zx+1 = kT (Aky1) + (1 — 7% ) B
10:  Setipy1 =0,k=k+ 1

11 until f(2x11) + @(ne41) < &5 |
Ensure: Ty1, Nk+1-

Azpyr — b2 < eeq.
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Adaptive Primal-Dual Accelerated Gradient Descent (APDAGD)

Require: Accuracy €5,¢€.4 > 0, initial estimate Lg s.t. 0 < Lo.

1: Setig=k=0,M_1 =Ly, Bo=0ap=0,1m0 =y = A =0.
2: repeat {Main iterate}

3:  repeat {Line search}

4 Set My, = 2% I My, find ag g1 st Byt == B + ang1 = ]Wk&f.H- Set

Tk = Qht1/ Bt
5: [Coupling step] Ax+1 = TkCk + (1 — 757k
6: [Update momentum] x11 = Ck — ap+1 Vo (Akt1)-
7: [~ Gradient step] Ni+1 = TkCrt+1 + (1 — Tk)’l)k

~ k1 = Akt — 3 VEAk1)-
8 until

[ (Mkr1) < ©(Akr1) + (VOAkg1), Mer1 — Aer1) + 222 Imer — Mgl ]

9:  [Primal update] £511 = Tz (Agr1) + (1 — 75)Z-
100 Setipy1 =0,k=k+ 1.

11 until f(Zr41) + @(Met1) < &7, [[AZpr1 — bl2 < eeq-
Ensure: Ty1, Mi+t1-
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Adaptive Primal-Dual Accelerated Gradient Descent (APDAGD)

Require: Accuracy €¢,c.4 > 0, initial estimate Lo s.t. 0 < L.
1:Setig =k =0,M_1 =Ly, fo=a0=0,1m0=C( = Ao =0.
2: repeat {Main iterate}

3:  repeat {Line search}

4: Set My, = Qik_le, find ag41 St Br1 = Bk + Qg1 = Mkaerl. Set
T = i1/ Br1

5: [Coupling step] A1 = TrCr + (1 — 7)1k

6: [Update momentum] Cx+1 = Cr — 41 Vo Apt1)-

7 [~ Gradient step] 7j+1 = TwCrht1 + (1 — T%) 5 ~
M1 = Akg1 — 70~ Vo Aer).

8: until

M,
O(Mk+1) < ©(Me+1) (VO Akt1), b1 — A1) + Tk”nkJrl — Nerll3-

o [Primal update] Zy+1 = Tz (Npt1) + (1 — 73) 2.

10: Setik+1 =0,k=k+1.
11 until f(Zp11) + (1) < ey, |
Ensure: Tyy1, Mk+1-

Apg1 —bl|2 < eeq-
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Convergence theorem \Zx‘ 4 %

Convergence theorem [D., Gasnikov, Kroshnin, 2018]

Let f in the primal problem be y-strongly convex and the dual solution A* satisfy
[IA*[]2 < R. Then, for k > 1, the points &, 1 in APDAGD satisfy

Fe) — 1 < 1) + o) < HAlem ():

Y2 =
. 16||A||% g R 1
|2 — 2" ||p < 8l Aleon® _ O L ;
k y vk

where x* and f* are respectively the optimal solution and the optimal value in the
primal problem.

: 1 1 . , .
Complexity O (ﬁ) (cf. O (%) for the Sinkhorn’s algorithm.)

D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.

W
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APDAGD summary \Zx‘: "é‘ j

B General regularizers.
B Complexity f or rate 7162.
B Adaptivity.

B Extra dimension-dependent factor in the complexity for the OT problem.

Complexity of OT by APDAGD [D., Gasnikov, Kroshnin, 2018]

Total number of a.0. to obtain X s.t. (C, )?) < minxey(re)(C, X) +¢is

.| 24/]ICleRInn n?Inn||C|sR
O | min

€ ' g2

From the Sinkhorn’s anslysis (slide 16), one obtains [Lin, Ho, Jordan, 2019],
5/2( VT
[Guminov, et. al., 2021] that R < ||C|| /12, and the bound O <M)

D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.
T. Lin, N. Ho, M. Jordan, On Efficient Optimal Transport: An Analysis of Greedy and Accelerated..., ICML 2019.
S. Guminov, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and Nesterov..., ICML 2021.

W
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Summary of OT algorithms \Z : %

Algorithm Complexity
Sinkhorn/Greenkhorn [Altschuler, Weed, Rigollet, 2017] n?|C|3, /e
Sinkhorn [D., Gasnikov, Kroshnin, 2018] n?(|C|2, /&2
Greenkhorn [Lin, Ho, Jordan, 2019a] n?||C||%, /e
Randkhorn [Lin, Ho, Jordan, 2019b] n?/3||C|| 33 /e
APDA(G/M)D [D., Gasnikov, Kroshnin, 2018], [Lin, Ho, Jordan, 2019a] ~ 1°/?(|C|| . /&
Mirror-Prox [Jambulapati, A. Sidford, K. Tian, 2019] n2]|C|oo/
Accelerated Sinkhorn [Guminov, D., Tupitsa, Gasnikov, 2021] n5/2||C|oo /€

J. Altschuler, J. Weed, P. Rigollet, Near-linear time approximation algorithms for optimal transport..., NeurlPS 2017.

D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.

T. Lin, N. Ho, M. Jordan, On Efficient Optimal Transport: An Analysis of Greedy and Accelerated..., ICML 2019a.

T. Lin, N. Ho, M. Jordan, On the efficiency of the Sinkhorn and Greenkhorn algorithms..., 2019b.

A. Jambulapati, A. Sidford, K. Tian, A direct O(1/¢) iteration parallel algorithm for OT, NeurlPS 2019.

S. Guminov, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and Nesterov’s Momentum,
ICML 2021.
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Comparison with Sinkhorn’s algorithm

Working time
2.9 -
===Sinkhorn = APDAGD

T s Linear (Sinkhorn) - Linear (APDAGD) y = 1.0816x + 0.97

™~
n

Ind
w

M
-

™y = 0.9133x + 0.8685

log{wWall-clack time (s))
b

17

15
0.9 1 11 1.2 13 1.4 1.5 1.6

log(1/€)

MNIST dataset, average in 10 randomly chosen images.
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Comparison with Sinkhorn’s algorithm 2

Working time
4.8

===Sinkhorn ===APDAGD

log(Wall-clock time,s)
= I I w w o
=] w [=:] w [=:] w

=
w

08 log(n)
25 3

MNIST dataset, average in 5 randomly chosen and scaled images,
n e [282 = 784,224 = 50176], e = 0.1.

3.5 4 4.5 5
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Summary %
B Adaptive idea 1: Alternating minimization in the dual a.k.a. Sinkhorn’s algorithm

o)

B Very fast convergence for large -y, unstable for small .

B Complexity

B Empirically faster than in theory.

B Adaptive idea 2: adaptive to Lipschitz constant AGD in the dual

°(7)

B Still based on Lipschitz constant of the gradient.

B Complexity

| Stable for small «.

Can we combine alternating minimization and AGD?
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El Accelerated alternating minimization
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Block structure

We consider the (dual) minimization problem

i A).
S e

B The space R" is divided into 7 disjoint subsets (blocks) I;,7 € {1,...,n}.

B S;(A) = X +span{e; : j € I,}, i.e. the affine subspace containing A and all
the points differing from A only over the block .

B )\; — components of A corresponding to the block ¢ and V;¢(\) — gradient
corresponding to the block 7.

B Assume thatforany i € {1,...,n} and any ¢ € R the problem

IniI(l : () has a solution, and this solution is easily computable.
XESi(C

B ¢(N)is Ly-smooth: [Vo(X) — Veo(n)ll2 < Lol|A =12, VA, ne RN
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Primal-dual pair of problems \kztzx;;,é“ J

Primal problem:
min {f(z): Az = b}.

z€QCE

Dual problem:

uin {0 = 0+ ma (7o) — 3, e} }.

V(A =b—Az(N), z()):= argrzneaé({—f(x) —(\, Ax)}.

V() is Lipschitz-continuous:

A 2
P00 < 6l6) + (700 A - )+ LAlE=t 3 g,
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Related works

Tran-Dinh, Q., Fercoq, O., Cevher, V. A Smooth Primal-Dual Optimization Framework..., 2015.
Alacaoglu, A., Tran-Dinh, Q., Fercoq, O., Cevher, V. Smooth primal-dual coordinate descent..., 2017.
Diakonikolas, J. and Orecchia, L. i i block i descent, 2018.

B Beck, A. and ili, L. On the of block i descent type methods, 2013.

B Beck, A. On the of alternating minimization for convex prog ing with appl..., 2015.

Bl Saha, A. and Tewari, A. On the i g of cyclic i descent 2013.
B Sun, R. and Hong, M. Improved iteration complexity bounds of cyclic block coordinate descent..., 2015.
[ | Y. Effici of Il descent on huge-scale optimization problems, 2012.

B Lee, Y. T. and Sidford, A. Efficient i descent and faster algorithms..., 2013.
B Shalev-Shwartz, S. and Zhang, T. A proxi ic dual i ascent..., 2014.

B Fercoq, O. and Richtarik, P. A parallel, and proxi i descent, 2015.

B Lin, Q, Ly, Z,, and Xiao, L. An proxi i i method, 2014.

B Allen-Zhu, Z., Qu, Z., Richtarik, P., and Yuan, Y. Even faster accelerated coordinate descent..., 2016.

B Nesterov, Y. and Stich, S. U. Effici of the i descent method..., 2015.

B Ly, H., Freund, R., and Mirrokni, V. A ating greedy i descent 2018.

|

|

|

|

Desired features:

B parameter-free/adaptive;

W primal-dual algorithm;

B accelerated convergence rates O(1/k?) separately for f(z)) — f* and
| Azi — bl

B guarantees for non-convex minimization;

B arbitrary number of blocks.
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Adaptive Primal-Dual Accelerated Gradient Descent

Require: Accuracy €7,¢€., > 0, initial estimate Lo s.t. 0 < Lo.
1: Set’i():k:o,M_l:Lo,ﬁozaoio,noig():)\():o.
2: repeat {Main iterate}

3:
4:

9:
10:

repeat {Line search}
Set M}, = 2%~ 1M, find Qpt1 St Bry1 = P + a1 = ]\/fk(L'iJrl. Set
T = i1/ Brt1
[Coupling step] A1 = TkCr + (1 — Tk )7
[Update momentum] (x4+1 = Ck — ak+1 VO (Apt1)-
[Gradient step] 7k+1 = ThCrt1 + (1 — 7o) ~
M1 = M1 — 31~ V(A1)
until

M,
©t1) < eNkt1) + (VoNt1)s Mt — Agyr) + THTM-H — Aegall3-

[Primal update] Zy11 = T2 (Aer1) + (1 — 75) @
Setijs1 =0,k =k + 1.

11: until f(ikJrl) + ga(nkﬂ) <ey, ||A.i’k+1 — b||2 < Eeq-
Ensure: g1, Mkt1-
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Changes in APDAGD Lige

M Instead of gradient step Nx+1 = Ag+1 — %Vgo()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

ERRRE}

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si;, (Ak+1)
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Changes in APDAGD m 3

M Instead of gradient step Nx+1 = Ag+1 — %Vgo()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si;, (Ak+1)

B Momentum step: Cpy1 = Ck — k41 VO(Aps1), Bk + apy1 = Log

ERRRE}
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Changes in APDAGD

B Instead of gradient step Ng+1 = Agt1 — %Vgo()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si, A1)

B Momentum step: Cpy1 = Ck — k41 VO(Aps1), Bk + apy1 = Log

ERRRE}

L
©(My1) < ©Ak1) + (VOrs1) Mht1 — Aeg1) + 5||77k+1 — Xes1ll3

1 1
{ma = dsr = L9000 | = 00hken) = 57 1900k IB
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Changes in APDAGD &8 w3

B Instead of gradient step Ng+1 = Agt1 — %Vgo()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{1,...,n} n€Si, A1)

B Momentum step: Cpy1 = Ck — k41 VO(Aps1), Bk + apy1 = Log

ERRRE}

L
©(My1) < ©Ak1) + (VOrs1) Mht1 — Aeg1) + 5||77k+1 — Xes1ll3

1 1
{ma = dsr = L9000 | = 00hken) = 57 1900k IB

2

(8]
= La2 N = () o R+l A 2
Brtartr = Lagq O(Mk+1) = (Ak+1) 2(5k+ak+1)||v<ﬁ( k+1)[12
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Changes in APDAGD

B Instead of gradient step Ng+1 = Agt1 — %V(p()\kﬂ) we consider the
Gauss-Southwell rule + block minimization:

Choose i, = arg  max ||Vio(Agr1)||3. Set 7p 1 =arg  min  ¢(n).
ie{l,...,n} n€Si;, (Ak+1)

B Momentum step: C11 = Gk — @41V Ney1), B + ary1 = Lag
L
O(M+1) < @(Mker1) + (VoNkr1) M1 — Agt1) + §H77k+1 — Xes1ll3

1 1
{TIkH = Apg1 — LVSO(/\kH)} = @(Mry1) — EHVSOO%H)Hg

2
(6%

— Lo2 - = w(\ Tkl A 2

Brtak41 RPN P(Mk+1) = P(Akt1) 2(ﬁk+(lk+1)||v<p( k+1)12

H Coupling step:

M1 = ThCe + (1 =) — 73 = arg Hl[(l]n] @ (e + (ke — Ck))

M1 = Cr + (e — i)

Y. Nesterov, A. Gasnikov, S. Guminov, and D., Primal-dual accelerated gradient methods with small-dimen..., 2020.

W
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Primal-dual accelerated alternating minimization (PDAAM)

1: Bo=cag=0,m0 = =X =0.
2: fork > 0do

3:  SetT, = arg m[énl] o (e +7(Ce — M)
T7€10,
4. [Coupling step] Set A\, = 7%k + (1 — 7)) M.
5. [Gauss-Southwell] Choose i), = arg %Ilax , Vip(Ar)]I3.
e{l,...,n
6:  [Block minimization] Set 7,1 = arg  min (7).
n€Si, (Ak
7. Find ag41, Br+1 = Br + g1 from
) = 590 = wlmesa)
P\AL) — =75 Pk = PMk+1)-
2Bk + aky1) ’
8. [Update momentum] Set (41 = (r — a1 Vp(Ak).
9:  [Primal update] Set 1,11 = %’ffﬁk“
10: end for
Ensure: The points Tx41, Nk+1-
S. Guminoy, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and N ov’s M

ICML 2021.

Alternating Minimization and Optimal Transport - 14.02.2022 - Page 38 (48)



Primal-dual accelerated alternating minimization (PDAAM)

1: fo=0ap=0,m=C =X =0.
2: fork > 0 do

3| Setry = arg m[g)nl] @ (M + 7(Ce = 1k))-
T7€|0,
4 [Coupling step] Set A\, = 7%Ck + (1 — 7 )7
5| [Gauss-Southwell] Choose i), = arg max . (IVio(Ae)13-
1€

6|  [Block minimization] Set 711 = arg :ﬂﬁ%n )Lp('r/).
7| Find agt1, Brt1 = Br + fr0m7 o
©(Ak) = LHV&(A&)HQ = ©(Mk+1)-
2(‘3’6 T ak+1) 2 = PUk+1

8| [Update momentum] Set Cx+1 = (i — a1 Vo(Ag)-

9:  [Primal update] Set &5 1 = W
10: end for
Ensure: The points 241, Mk+1-
S. Guminov, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and S

ICML 2021.
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Primal-dual accelerated alternating minimization (PDAAM)

t: Bo=ap=0,m ==X =0.

2: for k > 0 do

3 Setr, =arg min ¢ (n + 7(Ck — k).
7€[0,1]

4 [Coupling step] Set A, = 71.Ck + (1 — 7)) M-
5. [Gauss-Southwell] Choose i), = arg {Hll‘dX , Vi (A\e)]I3-
ie{l,...,n

6:  [Block minimization] Set 7x+1 = arg min  ¢(n).
Nn€Si,, (k)

7. Find aky1, Br+1 = Bk + @41 from

2
o) — k1 i, 2
(M) 3+ arey) IVoe)ll2 = (1)

8. [Update momentum] Set x+1 = Ck — ar+1Vo(Ar).

' . by i
of [Primal update] Set #511 = %W
10: end for
Ensure: The points T541, Nk+1-
S. Guminov, D., N. Tupitsa, A. il OnaC ination of A ing Minimization and

ICML 2021.
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Convergence theorem [Guminov, D., Tupitsa, Gasnikov, 2021]

When applied to a convex and L,-smooth objective ¢(-):

. 2nLy, || Ao — A*||3 n
elm) — (") < THES 2 0 (L),

When applied to a non-convex and L.,-smooth objective g0(~):

2ano(<p(A2) —v() _ (g)

Uniformly optimal in terms of £ method for smooth convex and non-convex problems,

1 M)l <
Jnin (VoA

no knowledge of the convexity and parameters like L., .
In the primal-dual setting (slide 34), if f is ~y-strongly convex and ||\*||2 < R:

) f < fla AnLyR? _ 8n|| AL, xR n
F(an) = 7 < (@) +olm) < —F— = vk; - <W>’

. 8n|Al°R n . 4n ||A||R n
g~ bl < I =0 (), - el < T 0 (1),

x*, f* —resp. an optimal solution and the optimal value in the primal problem.

S. Guminov, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and Nesterov’s Momentum,
ICML 2021

W

Alternating Minimization and Optimal Transport - 14.02.2022 - Page 41 (48) A



Extension for strongly convex problems

When ¢ is p-strongly convex, we can find ag41 from

aj Ve ()13 ppra [|Ge — A3
Br + aky1)(pr + pokr1)  2(Bk + ans1) (pr + po

90()‘1‘7) - 2( ) = So(nk-f—l)a

where pg = 1 and recursively pi11 = pr + k4.
Then, we obtain the rate

k-1
4
(k) — @(n") < nLy|no —n"||* min { k2’ <1 - %> }

Under the Polyak-Lojasiewicz (PL) condition, i.e., |[V(n)[12 > 20(¢0(n) — ¢(n*)),
we can run this algorithm with x = 0 and obtain linear (non-accelerated) convergence

k—1 k
e(ne)—p(n*) < (1 - LU> (¢(no)—e(n™)) < (1 - U) ((n0)—»(n")),

i=0 i nle

where L; = % <nkL,.

Xt
N. Tupitsa, P. Dvurechensky, A. Gasnikov, and S. Guminov. Alternating minimization methods
for strongly convex optimization, 2021.
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Collaborative filtering

The unknown ratings 7,; associated with the user u and the item ¢ are sought as a
product xz Yi, where the vectors x,, and y; are the optimized variables. We assume
that we are given r,,; — observed preference rates associated with some users and

items.

min F(o,y) = > e (rui—20y)  + A leal3 + A lluill3:
u 1

T,y .
observed u,?

— AM
— AAM

70+

function value
o o o a
3 2 Y 3

o
o

0 20 40 60 80 100 120
times, s

Alternating Minimization and Optimal Transport - 14.02.2022 - Page 43 (48)



Applications to OT 'Zf‘g“}

Algorithm Complexity
Sinkhorn/Greenkhorn [Altschuler, Weed, Rigollet, 2017] n?|C|3, /e
Sinkhorn [D., Gasnikov, Kroshnin, 2018] n?(|C|2, /&2
Greenkhorn [Lin, Ho, Jordan, 2019a] n?||C||%, /e
Randkhorn [Lin, Ho, Jordan, 2019b] n?/3||C|| 33 /e
APDA(G/M)D [D., Gasnikov, Kroshnin, 2018], [Lin, Ho, Jordan, 2019a] ~ 1°/?(|C|| . /&
Mirror-Prox [Jambulapati, A. Sidford, K. Tian, 2019] n2]|C|oo/
Accelerated Sinkhorn [Guminov, D., Tupitsa, Gasnikov, 2021] n5/2||C|oo /€

J. Altschuler, J. Weed, P. Rigollet, Near-linear time approximation algorithms for optimal transport..., NeurlPS 2017.

D., A. Gasnikov, A. Kroshnin, Computational Optimal Transport: Complexity by Accelerated Gradient..., ICML 2018.

T. Lin, N. Ho, M. Jordan, On Efficient Optimal Transport: An Analysis of Greedy and Accelerated..., ICML 2019a.

T. Lin, N. Ho, M. Jordan, On the efficiency of the Sinkhorn and Greenkhorn algorithms..., 2019b.

A. Jambulapati, A. Sidford, K. Tian, A direct O(1/¢) iteration parallel algorithm for OT, NeurlPS 2019.

S. Guminov, D., N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and Nesterov’s Momentum,
ICML 2021.
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Experiments with OT distance

— AAM-LS
4000 7 —— Greenkhorn
— AAM-A
—— APDAGD
o 3000 1 — AARBCD
E Sinkhorn
T
§ 2000 -
g
1000 A —
0l |
0 500 1000 1500 2000 2500

/e,
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Conclusion

Motivated by Optimal Transport we considered

B Sinkhorn’s algorithm as an Alternating Minimization algorithm,
B Adaptive Primal-Dual Accelerated Gradient Descent (APDAGD),
B Accelerated Alternating Minimization (AAM) algorithm.

Obtained results

B Improved complexity bounds for OT by Sinkhorn’s algorithm.

B Convergence rate analysis of APDAGD with complexity bounds for OT.

B AAM that is universal for convex and non-convex optimization and adaptive to
smoothness, with optimal in k& convergence rates. Linearly convergent
extensions for strongly convex functions and under PL condition.

B Primal-dual AAM algorithm with complexity bounds for OT.

P. Dvurechensky, A. Gasnikov, A. Kroshnin, Computational optimal transport: Complexity by accelerated gradient
descent is better than by Sinkhorn’s algorithm, ICML 2018

Yu. Nesterov, A. Gasnikov, S. Guminov, P. Dvurechensky, Primal-dual accelerated gradient methods with
i i ion oracle, Optimization hods and , 2020

S. Guminov, P. Dvurechensky, N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization and
Nesterov’s Momentum, ICML 2021

N. Tupitsa, P. Dvurechensky, A. Gasnikov, and S. Guminov. Alternating minimization methods

for gly convex izati
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Extensions

Similar ideas turned out to be productive for
B Fixed-support Wasserstein barycenter problem. Given a set of m measures
b; € S,(1),i =1, ..., m, their Wasserstein barycenter is a minimizer d of
min izm:()/\/ (a,b;))P = min E (C, X5)
a€Sn(1) m — PR a€Sn (1), X;€RPX™ M = e
X;l=a, X 1=b,

m

Our results include stochastic and distributed accelerated primal-dual methods.

P. Dvurechensky, D. Dvinskikh, A. Gasnikov, C. A. Uribe, and A. Nedic, Decentralize and randomize:
Faster algorithm for Wasserstein barycenters, NeurlPS 2018

A. Kroshnin, N. Tupitsa, D. Dvinskikh, P. Dvurechensky, A. Gasnikov, and C.A. Uribe, On the complexity of
approximating Wasserstein barycenters, ICML 2019

S. Guminov, P. Dvurechensky, N. Tupitsa, A. Gasnikov, On a Combination of Alternating Minimization
and Nesterov’s Momentum, ICML 2021

B Multimarginal optimal transport.
min (C, X).
XeRP XM X[—i|[1]" ' =ay,i=1,...,m

N. Tupitsa, P. Dvurechensky, A. Gasnikov, and C. A. Uribe, Multimarginal optimal transport by accelerated
alternating minimization, Conference on Decision and Control (CDC), 2020
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Thank you!
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