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Introduction
e0

llI-Conditioned minimisation in Machine Learning

@ A common problem in machine learning is the
minimisation of a convex function

3

1
f(x) = — 3 6i0x) + 5 x5
i=1

e /i : R" — R is a statistical loss function (smooth)
e Typically nand m are huge.

o first-order (i.e. gradient based) methods are favorable
optimization tools.

e Convergence rates depend on the condition number
Lt/ u, where L; is the Lipschitz modulus of V.
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A point for lll-conditioned problems

Convex Lipschitz continuous losses lead to the general
non-asymptotic bounds for the excess risk

L2
f(x*) —f(x°) = V_'f” + 1 ||x°||? = Variance + Bias.

Statistical optimal choice of the regularisation parameter
n=0(Jz)-

If m> 1, then u is very small. Ly is typically very large.
Optimization problems with large condition number are
nearly ill-conditioned. A class of ill-conditioned problems

which are tractable, are generalised self-concordant
functions.
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Problem Formulation

X C E convex compact. Consider the optimisation

problem
min f(x). (P)

xeX

Definition ([Sun and Tran-Dinh, 2018])

f € C3(dom(f)) with dom f open, is generalised
self-concordant (GSC) if 3(M,v) € Ry x R4 such that

‘q)l”(t)} < Mq)”(t)v/z

for ¢(t) = f(x + td),x € domf,d € E and x + td € dom .
Call Fy, , (dom f) the set of GSC functions.

V.
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Examples

Generalised Self-concordant functions

o Logistic Loss
1 & RIMIE:
:Eg 1 +exp(b; (a;, >))+§||X”2-

where b; € {—1,1},u > 0,3, € R".
@ Robust regression

Z(p (a;, X)), p(u) =In(e" +eY).

o Distance-Weighted Discrimination

:%i (@l w+Byi+&) 9+ (e, &), x=(w,B,0).
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Examples

Self-concordant functions

e Portfolio Optimisation
T
=—Y In({r,x)),x € X = Ay

@ Covariance Estimation:

f(x) = —In(det(x)) + tr(Xx),
xeX={x¢€ Si : Hvec(X)H.l < R}.

@ Poisson Inverse Problem
m
f(X):Z Wi, X Z}//ln Wi, X)),
i=1

xeX={xeR" ||x||1 g R}.
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Examples

Further applications

e D-Optimal Design Given m points ay,...,am € R”
whose affine hull is R”, find

i=1
e Finding the analytic centre Consider a domain
{x e R"|Ax <1,x € {0,1}"}. Find an approximate
feasible point by solving the analytic centre problem for
the barrier

f(x) = —log [L— log (Zexp(L(a;,x>))]
2L\2 &
— (= log(x;).
(%) Lroatx)

m
min f(x) = — log det < x,-a,-a,T> s.t.: x € Am.
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Hypothesis

Standing Hypothesis

The following assumptions shall be in place:

(A1) fe Ty, withv e [2,3].

(A.2) X* = argmin{f(x)|x € X} # @:

(A.3) X is a convex compact subset in R"

(A.4) V2fis continuous and positive definite on dom f N X.
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Classical Frank-Wolfe Methods

Conditional Gradient aka Frank-Wolfe

The analysis of FW involves
(a) a search direction

s(x) = argmin (Vf(x),s) .

seX

(b) as merit function
Gap(x) = (VF(x), x — s(x))

Standard Frank-Wolfe method:
If Gap(x¥) > e then
@ Obtain s = s(x¥);
@ Update xk*1 = xk 4 ay (s¥ — x¥) for some
Ky € [O, 1).




Problem Formulation
0®0
Classical Frank-Wolfe Methods

Why projection-free optimization?

e First-order methods in covex optimization gained
significance in connection with
large-scale optimization problems.

@ Optimization models are dependent on data that can be
noisy, so no need for high-accuracy solutions.

e First-order methods are appealing in practice because
of their lower computational burden per iteration.

e First-order methods are able to preserve problem
structure (e.g. sparsity), and can be extended to
non-smooth problems.

See [Dvurechensky et al., 2021] for a recent survey.
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Classical Frank-Wolfe Methods

Convergence Analysis

Because of great scalability and sparsity properties,
Frank-Wolfe (FW) methods (Frank & Wolfe, 1956)
received lot of attention in ML.

@ Convergence guarantees require Lipschitz continuous
gradients, or finite curvature constants on f (Jaggi,
2013)

@ Even for well-conditioned problems only sublinear
convergence rates guaranteed in general.
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Development of the algorithms

Why do standard Methods fail in ill-conditioned problems?

Consider f(xy,x2) = —In(x7) — In(x2) over

X1, X0 € [0,1],X1 + X0 = 1.

e Start from x° = (1/4,3/4)

e Apply the standard 2/ (k + 2)-step size policy, then
Xo = 1.

e x' =(1,0) ¢ dom.



Problem Formulation
(o] Jo}

Development of the algorithms

The Dikin Ellipsoid

@ The analysis of GSC minimisation algorithms makes
use of the local norm:

lall, £ \/(V2f(x)a,a). ||al; £ \/(a, [V2f(x)] )

for x € dom .
@ Define the metric
M; ||y — x|| ifv=2,
dy(x,y) = 2 L
%) { VM lly — |37V Iy — x|y 2 ifv > 2.
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Development of the algorithms

Dikin Ellipsoid

The Dikin Ellipsoid is defined as

W(x,r) = {y € Eldy(x,y) < r} cdomf ¥rec(0,1).

o
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Algorithm 1

Algorithm 1: Analytic step size method

Algorithm Fw-Gsc

Input: x° € dom f N X initial state, ¢ > 0 error tolerance,
and f € Fy, (domf).
fork =0,...do
if Gap(x¥) > ¢ then
Obtain sk = s(x¥)
Obtain ay = ap, ,(x¥)
Set XK1 = xk 4wy (sK — x¥)
end if
end for
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Algorithm 1

Derivations

Let x;” = x + t(s(x) — x),t >0
For t > 0 such that d,(x, ;") < 1, obtain the GSC
descent inequality:

") < F) + (VH(0,x5" — x)
(0 x) x|

Optimising the per-iteration decrease w.r.t t leads to an
analytic step-size criterion

apgy(X) = min{1, ty,,(X)}.
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Algorithm 1

Determining the step size

The GSC descent lemma can be written as

f(x;) < f(x) — tGap(x) + wy (tM;d,(x)) e (X)?,
= f(X) = 1x m,0(1) te (0,1/6,(x)),

where
L(et—t—1) ifv=2,
—t=In(1-t) iy —
wn(t) = - 2o ifv=a3,
(£2)1 {2(”315)1((1 ) v 1) 71] ifve (23).
B(x) tv=2

du(x) = { v28(x)3 Ve (x)V 2 ifv > 2,
Xz, e(x)=ls(x) = x|lx.

2
Moty () = Gap(x) [r — (M5, () G;;()XJ :
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Algorithm 1

Solving max; 17x,,(t) yields

Gap(x)Mé, .
iy I (1 + S0 ifv =2,
Gap(x) —
Mé3(x)Gap(x)+e(x)2 if v =3.

Calling Ak = 17,k (2 (x¥)), to get

FOXK) < F(xF) — A < F(XF)
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Convergence Analysis

Asymptotic Convergence

Proposition

Let (x¥) keN, be generated by algorithm Fii-Gsc. Then
the following assertions hold:

Q@ (f(xX)), is non-increasing;
Q )Y Ak < oo and hencelimy .., Ax = 0;
@ ForallK > 1 we have ming<x Ak < % (f(x%) — f(x*)).

V
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Complexity

Iteration Complexity
Define the approximation error : hy = f(xX) — f*. Let

S(x%) = {x € X|f(x) < f(x°)}, and

Lor= max Amax(V2f(x)).
v max max(V=f(x))

For given e > 0, define N.(x°) = min{k > 0|hx < ¢}.
Then,

cy(Mgv)
Ne(x0) < " (h°102(’{/””)) !
€ - In(1 — Cq (Mf,V)) Cg(Mf,l/)E,

where c{(My,v), co( My, v) are explicit constants.
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Algorithm 2: Backtracking over the Lipschitz modulus

An adaptive quadratic model-based algorithm

Consider the quadratic model

Q(x,1,£) = f(x) — tGap(x) + ’%L Is(x) — x]|5.

On the level set S(x¥), we get the descent lemma
f(xXK 4 t(s(x*) — x})) < Q(xK, t, Ly)

for L, a local estimate of the Lipschitz constant on the
level set.
A backtracking strategy on Ly yields a new algorithm.
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Algorithm 2: Backtracking over the Lipschitz modulus

Algorithm 2

Algorithm LBTFWGSC

Input: X0 € dom f N XC initial state; £ _4 initial Lipschitz estimate, vy > 1 > 74.
fork=1,...do
if Gap(x¥) > ¢ then
Obtain s = s(x) and set vk = sk — xk
Set (g, L) = stepy (f, VK, xK, £_1)
Set xk+1 = xK (8K — xk)
end if
end for

Algorithm Function step;(f, v, x, L)

Choose L € [y4£, L]

. — min{ GaR(X)
a=min{= 1
g ™ i

if x +-av ¢ domfor f(x +av) > Q. (x,«,L) then

Lyl

) ing Gap(x)

a + min{ = )

{ Ljvi3 I

end if

Return a, L
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Algorithm 2: Backtracking over the Lipschitz modulus

Complexity Estimate

Theorem

Let (x¥)x be generated by LBTFWGSC. Then

2Ldiam(X)?  In(Ldiam(X)2/ho)
M) = —— n(i/2)

where L = max{yyLys, £ _1}.
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Algorithm 3: Backtracking over the GSC parameter My

Searching for the scale parameter

Let vew (x) = s(x) — x the FW-search direction.

Suppose u > 0 is a local guess of the GSC parameter M;.
For the search point x;" = x + tvew (x*) we have

f(x;") < f(x) — tGap(x) + t2e(x)2w, (tud,(x)) = Qu(x, t, 1.
Optimize the new model with respect to t gives a step size
policy a, (x, t).

Search for the best u to obtain a close fit between the
upper model and the actual function values.
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Algorithm 3: Backtracking over the GSC parameter My

Algorithm 3: MBTFWGSC

Algorithm MBTFWGSC

Input: X0 € dom f N X initial state; y_4 initial Lipschitz estimate, 7y > 1 > 74.
fork=1,...do
if Gap(x) > ¢ then
Obtain sk = s(x) and set vk = sk — xk
Set (o, i) = steppy(f, vE, xK, 1)
Set xk+1 = xk 4y vk
end if
end for

Algorithm Function steppy(f, v, x, 1)

Choose M € [yqu, ]

a=ag,(x)

if x +av ¢ domf or f(x +av) > Qu(x,a, M) then
M «— yyM
N — “M,L/(X)

end if

Return a, M
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Algorithm 3: Backtracking over the GSC parameter My

Complexity Analysis

Theorem

Let (x¥)x be generated by MBTFWGSC. Then

where M = max{y,M;, 1i_1}.
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Preparations

e All methods so far displayed a complexity of O(1/¢);
e Itis known that FW can be accelerated under various
hypothesis:
e Strong convexity coupled with interior solutions
[GuéLat and Marcotte, 1986,
Lacoste-Julien and Jaggi, 2015];
e Composition of strongly convex with affine transformation
[Beck and Shtern, 2017];
e X strongly convex [Garber and Hazan, 2015,
Kerdreux and d’Aspremont, 2020];

see the recent survey [Bomze et al., 2021].

Assumption

X ={x eR"|Bx < b}
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Local Linear Minimization Oracles

Local Linear minimization oracle

Definition ([Garber and Hazan, 2016])

A procedure A(x,r,c), where x € X,r >0,c € R",isa
LLOO with parameter p > 1 for the polytope X if A(x, r, C)
returns a point u = u(x, r, c) € X such that for all

x €B/(x)NX

(c,x) > (c,s) and ||x —sl[, < pr.

@ Such oracles exist for any compact polyhedral domain.

e Particular simple implementation for Simplex-like
domains.
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Local Linear Minimization Oracles

Modifications

Define the modified merit function

T(x,r) =(Vf(x),x —u(x,r,Vf(x)))
max (Vf(x),x —s)
s€B,(x)NX

and

u(x,r,c) = selBrP(lp)ﬂx (c,s).
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Local Linear Minimization Oracles

Algorithm 4: FWLLOO

Algorithm FWLLOO

Input: A(x, r, c)-LLOO with parameter p > 1 for polytope X, f € ’fMN,(dom f). of > 0 convexity parameter.
x% € dom fN X, and let hy = f(x0) — £*, and ¢y = 1.
fork=0,1,...,do
Set r, = rZck
Obtain u¥ = u(xk, r,, V(xK))
Set ay = ay (xK)
Update xK*1 = x0 4 a; (uk — xK)
end for
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Local Linear Minimization Oracles

Iteration Complexity

Let (x¥)x=0 be generated by Fwr.r.00. Then, for all k > 0,
we have x* € By, (x¥) and

k-1
he < Gap(x°) exp <—% Y oc,-) :

i=0
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FW with correction steps

Preparations

@ FWLLOO needs oy or Ly as input.
e Both are hard to estimate in practice.

e Away step method exploits the geometry of X, and a
Hoffman bound to compensate for these input
parameters.

Definition

Let U = Ext(X), so that X = conv(U). x: U — [0,1] is a
vertex representration of x, if x = Y,y puu. Let U(x) be
the set of active vertices at x
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FW with correction steps

Away Steps

Assumption ([Beck and Shtern, 2017])
The LMO is a vertex linear oracle:

s(x) € argmin (Vf(x), d)
deX

returns a point in U.

A

Definition
Given x € X, we call
® Ve (x) = s(x) — x a forward step
@ va(x) = x — u(x), where
u(x) € argmaxgey(x) (VF(x), d), an away step.

.
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FW with correction steps

Algorithm 5: ASFWGSC

Algorithm ASFWGSC

Input: x0 € dom f N U where u}, = Oforallue U\ {x'} and U" = {x}.
fork=0,1,...do
Set sk = s(xK), uk = u(x¥), and v (xK) = xk — Uk, vey (xK) = sk — xk
i <Vf(xk),sk —xk> < <vr(xk>,xk - uk> then
Set vk = vy (xF)
else
Set vK = vy(xK)

end if
Set By = Hv"| , k= HkaXk b =1(xK)

Find ayc = argminye(o 1) t<V!(Xk), vk> + Pl wy (M, (xK))
k

Update xK*1 = xk 4 ayv
if v& = veyy (xK) then
Update UkK+1 = UK U {sK}
else
if vK = v4(xK) and ay = % then
Update UK*+1 = UK\ {uK} and pk+1
else
Update UK+1 = Uk
end if
end if
end for
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FW with correction steps

Iteration Complexity

Let {x*} ke be the trajectory generated by ASFWGSC.
Then, for all k > 0, we have

hx < hgexp(—0k/2).

whers = min {05, 30, albicta)
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The logistic regression

The Elastic Net

Consider
g 2
Zlog +exp(—yi (i, x) + 1)) + 5 |12

Since [Bach, 2010], we know that this can be seen as a
GSC minimization problem with v =2 or v = 3.
Consider the elastic net formulation

min  f(x).
x:||Ix|[{<R (0
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The logistic regression

Dependence on the GSC model

10°
\
10-2 \ - ...
5 Y H H - FWGSCu=3
E H - E
o 10 | H b -—- PWGSCV=2
] ! i ¢ -= MBTFWGSCv=3
B 100 | i B —— MBTFWGSCv=2
H U =
& | i & H ASFWGSCv=3
\ H b ASFWGSC v=2
1078 ] 1078 i e PHV=3
1 Vi --s PNu=2
10-10 ! ; 10-1 !
10° 10 10? 10% 104 102 10° 10?
Iteration Time (Sec)

Figure: Comparison between v = 3 and v = 2 for data set a9a.
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The logistic regression

Numerical Results - Performance Profiles
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Distance-Weigthed Discrimination

Experimental Setup

Consider the distance weighted discrimination (DWD)
problem, introduced in [Marron et al., 2007].

The classification loss attains the form

1P _

f(x) = b Y (a'w+pyi+&) 9+c'e,
i=1

over the convex compact set

X ={x=(w,w,0)| Wl <1,pe[-uul,|¢|*<REeR},

where R > 0 is a hyperparameter that has to be learned
via cross-validation.
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Distance-Weigthed Discrimination

Results on DWD
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Experiments

Covariance Estimation

Experimental Setup

Consider learning a Gaussian graphical random field of p
nodes/variables.

To learn the graphical model via an ¢4-regularization
framework in its constrained formulation, we minimize the
loss function

f(x) = —log det(mat (x)) + tr(Zmat (x))

over
X={xeR" |x||; <Rmat(x) e8]}
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Covariance Estimation

Covariance Estimation
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Covariance Estimation

Thank youl!

For details see:
[Dvurechensky et al., 2020, Dvurechensky et al., 2022]
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