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Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

Convex and has 
Lipschitz Hessian



Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="+DC8XbZr6BH6vZRBVYJ31X5zQUI=">AAACBXicbVC7TsNAEDyHVwgvAyUUJyKk0ER2QEAZQUMZJPKQYhOdL+fklPPZ3AMRWWlo+BUaChCi5R/o+BsuiQtIGGml0cyudneChFGpHOfbyi0sLi2v5FcLa+sbm1v29k5DxlpgUscxi0UrQJIwykldUcVIKxEERQEjzWBwOfab90RIGvMbNUyIH6EepyHFSBmpY+97HAUM3VZgWHo4gp7UGGMt2JDcQadjF52yMwGcJ25GiiBDrWN/ed0Y64hwhRmSsu06ifJTJBTFjIwKnpYkQXiAeqRtKEcRkX46+WIED43ShWEsTHEFJ+rviRRFUg6jwHRGSPXlrDcW//PaWoXnfkp5ohXheLoo1AyqGI4jgV0qCFZsaAjCgppbIe4jgbAywRVMCO7sy/OkUSm7p+Xj65Ni9SKLIw/2wAEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4A0aiXgw==</latexit>

r2f(x) < 0



Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="pUsZ6B8C6bGo9E1NBkdYogrDL74=">AAACF3icbVDLTgIxFO3gC/GFunTTSExgAZlBoy6JblhiIo+EGUmndKCh05m0HcNk4C/c+CtuXGiMW935N5bHAsGT3OT0nHvTe48bMiqVaf4YqbX1jc2t9HZmZ3dv/yB7eNSQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4nfjNRyIkDfi9ikPi+KjHqUcxUlrqZEv2yObIZeihDL38sACLcOEdF7TNCCxX7dGwGNujTjZnlswp4Cqx5iQH5qh1st92N8CRT7jCDEnZtsxQOQkSimJGxhk7kiREeIB6pK0pRz6RTjK9awzPtNKFXiB0cQWn6uJEgnwpY9/VnT5SfbnsTcT/vHakvGsnoTyMFOF49pEXMagCOAkJdqkgWLFYE4QF1btC3EcCYaWjzOgQrOWTV0mjXLIuS+d3F7nKzTyONDgBpyAPLHAFKqAKaqAOMHgCL+ANvBvPxqvxYXzOWlPGfOYY/IHx9Qt5WJ2k</latexit>

kr2
f(x)�r2

f(y)k  2Hkx� yk

<latexit sha1_base64="+DC8XbZr6BH6vZRBVYJ31X5zQUI=">AAACBXicbVC7TsNAEDyHVwgvAyUUJyKk0ER2QEAZQUMZJPKQYhOdL+fklPPZ3AMRWWlo+BUaChCi5R/o+BsuiQtIGGml0cyudneChFGpHOfbyi0sLi2v5FcLa+sbm1v29k5DxlpgUscxi0UrQJIwykldUcVIKxEERQEjzWBwOfab90RIGvMbNUyIH6EepyHFSBmpY+97HAUM3VZgWHo4gp7UGGMt2JDcQadjF52yMwGcJ25GiiBDrWN/ed0Y64hwhRmSsu06ifJTJBTFjIwKnpYkQXiAeqRtKEcRkX46+WIED43ShWEsTHEFJ+rviRRFUg6jwHRGSPXlrDcW//PaWoXnfkp5ohXheLoo1AyqGI4jgV0qCFZsaAjCgppbIe4jgbAywRVMCO7sy/OkUSm7p+Xj65Ni9SKLIw/2wAEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4A0aiXgw==</latexit>

r2f(x) < 0

Some constant



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="wAp7n5zNFkC0lKi9cw2jShypqYY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUTdC1Y3LCvYBTSiTyaQdOnkwcyPUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHC8RXIFlfRulpeWV1bXyemVjc2t7x9zda6s4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW5yv/PApOJxdA/jhLkhGUQ84JSAlvrmgRMSGHpBdjVxfCaA4Evs9c2qVbOmwIvELkgVFWj2zS/Hj2kasgioIEr1bCsBNyMSOBVsUnFSxRJCR2TAeppGJGTKzabpJ/hYKz4OYqlfBHiq/t7ISKjUOPT0ZJ5VzXu5+J/XSyG4cDMeJSmwiM4OBanAEOO8CuxzySiIsSaESq6zYjokklDQhVV0Cfb8lxdJ+7Rmn9Xqd/Vq47qoo4wO0RE6QTY6Rw10i5qohSh6RM/oFb0ZT8aL8W58zEZLRrGzj/7A+PwBxIaUyA==</latexit>

A� = bIn practice, solve
with

<latexit sha1_base64="JXOsQSppKjFqhcx8atpQoNhK8j0=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VQ0JJIfWwEHxuXClYLTSw3k0kdOpnEmYlYQr/Ejb/ixoUigiv9G6dtFlo9MHA4517unOMnnClt219WYWx8YnKqOF2amZ2bXygvLl2qOJWE1knMY9nwQVHOBK1rpjltJJJC5HN65XdO+v7VHZWKxeJCdxPqRdAWLGQEtJFa5R03An3jh9lRDx9gV4DP4Xobh+v3152NTfc2hQD7xtkaWrnRKlfsqj0A/kucnFRQjrNW+cMNYpJGVGjCQammYyfay0BqRjjtldxU0QRIB9q0aaiAiCovG8Tr4TWjBDiMpXlC44H6cyODSKlu5JvJfhg16vXF/7xmqsN9L2MiSTUVZHgoTDnWMe53hQMmKdG8awgQycxfMbkBCUSbRkumBGc08l9yuV11dqu181rl8Divo4hW0CpaRw7aQ4foFJ2hOiLoAT2hF/RqPVrP1pv1PhwtWPnOMvoF6/MbVSGgHQ==</latexit>

A = r2f(xk), b = �rf(xk)
<latexit sha1_base64="tI8GyabwE2uL6LBIQKXNVq2w7Hs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAIQiDsSlAvQtCLxwjmAckmzM72JkNmH8zMSsKag7/ixYMiXv0Nb/6Nk2QPmljQUFR1093lxpxJZVnfxtLyyuraem4jv7m1vbNr7u3XZZQICjUa8Ug0XSKBsxBqiikOzVgACVwODXdwM/EbDyAki8J7NYrBCUgvZD6jRGmpax4OO+mgaI/xFR52BriI2x5wRbpmwSpZU+BFYmekgDJUu+ZX24toEkCoKCdStmwrVk5KhGKUwzjfTiTEhA5ID1qahiQA6aTT+8f4RCse9iOhK1R4qv6eSEkg5ShwdWdAVF/OexPxP6+VKP/SSVkYJwpCOlvkJxyrCE/CwB4TQBUfaUKoYPpWTPtEEKp0ZHkdgj3/8iKpn5Xs81L5rlyoXGdx5NAROkanyEYXqIJuURXVEEWP6Bm9ojfjyXgx3o2PWeuSkc0coD8wPn8A0liUtA==</latexit>

xk+1 = xk + �



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="wAp7n5zNFkC0lKi9cw2jShypqYY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUTdC1Y3LCvYBTSiTyaQdOnkwcyPUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHC8RXIFlfRulpeWV1bXyemVjc2t7x9zda6s4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW5yv/PApOJxdA/jhLkhGUQ84JSAlvrmgRMSGHpBdjVxfCaA4Evs9c2qVbOmwIvELkgVFWj2zS/Hj2kasgioIEr1bCsBNyMSOBVsUnFSxRJCR2TAeppGJGTKzabpJ/hYKz4OYqlfBHiq/t7ISKjUOPT0ZJ5VzXu5+J/XSyG4cDMeJSmwiM4OBanAEOO8CuxzySiIsSaESq6zYjokklDQhVV0Cfb8lxdJ+7Rmn9Xqd/Vq47qoo4wO0RE6QTY6Rw10i5qohSh6RM/oFb0ZT8aL8W58zEZLRrGzj/7A+PwBxIaUyA==</latexit>

A� = bIn practice, solve
with

<latexit sha1_base64="JXOsQSppKjFqhcx8atpQoNhK8j0=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VQ0JJIfWwEHxuXClYLTSw3k0kdOpnEmYlYQr/Ejb/ixoUigiv9G6dtFlo9MHA4517unOMnnClt219WYWx8YnKqOF2amZ2bXygvLl2qOJWE1knMY9nwQVHOBK1rpjltJJJC5HN65XdO+v7VHZWKxeJCdxPqRdAWLGQEtJFa5R03An3jh9lRDx9gV4DP4Xobh+v3152NTfc2hQD7xtkaWrnRKlfsqj0A/kucnFRQjrNW+cMNYpJGVGjCQammYyfay0BqRjjtldxU0QRIB9q0aaiAiCovG8Tr4TWjBDiMpXlC44H6cyODSKlu5JvJfhg16vXF/7xmqsN9L2MiSTUVZHgoTDnWMe53hQMmKdG8awgQycxfMbkBCUSbRkumBGc08l9yuV11dqu181rl8Divo4hW0CpaRw7aQ4foFJ2hOiLoAT2hF/RqPVrP1pv1PhwtWPnOMvoF6/MbVSGgHQ==</latexit>

A = r2f(xk), b = �rf(xk)
<latexit sha1_base64="tI8GyabwE2uL6LBIQKXNVq2w7Hs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAIQiDsSlAvQtCLxwjmAckmzM72JkNmH8zMSsKag7/ixYMiXv0Nb/6Nk2QPmljQUFR1093lxpxJZVnfxtLyyuraem4jv7m1vbNr7u3XZZQICjUa8Ug0XSKBsxBqiikOzVgACVwODXdwM/EbDyAki8J7NYrBCUgvZD6jRGmpax4OO+mgaI/xFR52BriI2x5wRbpmwSpZU+BFYmekgDJUu+ZX24toEkCoKCdStmwrVk5KhGKUwzjfTiTEhA5ID1qahiQA6aTT+8f4RCse9iOhK1R4qv6eSEkg5ShwdWdAVF/OexPxP6+VKP/SSVkYJwpCOlvkJxyrCE/CwB4TQBUfaUKoYPpWTPtEEKp0ZHkdgj3/8iKpn5Xs81L5rlyoXGdx5NAROkanyEYXqIJuURXVEEWP6Bm9ojfjyXgx3o2PWeuSkc0coD8wPn8A0liUtA==</latexit>

xk+1 = xk + �

Linear systems are easy



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Extremely fast locally



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Does not converge globally

Extremely fast locally



Line search and trust-region
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)



Line search and trust-region
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)

<latexit sha1_base64="xeeWKyMcz6nU6On3olRxxO7DKdw="></latexit>

t⇤ = argmin
t�0

f(xk � t(r2f(xk))�1rf(xk))



Line search and trust-region
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)

<latexit sha1_base64="xeeWKyMcz6nU6On3olRxxO7DKdw="></latexit>
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t�0

f(xk � t(r2f(xk))�1rf(xk))
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Newton and  
cubic Newton methods

<latexit sha1_base64="/uGqkHojyRuCTugGmGKFJStoUJs="></latexit>

f(x) ⇡ f(xk) + hrf(xk), x� xki

+
1

2
hr2f(xk)(x� xk), x� xki

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

2nd-order Taylor approximation
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<latexit sha1_base64="/uGqkHojyRuCTugGmGKFJStoUJs="></latexit>

f(x) ⇡ f(xk) + hrf(xk), x� xki

+
1

2
hr2f(xk)(x� xk), x� xki
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xk+1 = xk � (r2f(xk))�1rf(xk)

?
<latexit sha1_base64="5pgTLkvlpJkFadld7Xcexm0IeUk=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUZdFNy4r2Ac0sUymk3boZCbMTCQl7a+4caGIW3/EnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhbX1jc6u4XdrZ3ds/sA/LLSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDvz209EKir4gx7HxI/QgNOQYqSN1LPL3iQ9Tx9H3sRDcSxFCp2eXXGqzhxwlbg5qYAcjZ795fUFTiLCNWZIqa7rxNrPkNQUMzIteYkiMcIjNCBdQzmKiPKz+e1TeGqUPgyFNMU1nKu/JzIUKTWOAtMZIT1Uy95M/M/rJjq89jPK40QTjheLwoRBLeAsCNinkmDNxoYgLKm5FeIhkghrE1fJhOAuv7xKWhdV97Jau69V6jd5HEVwDE7AGXDBFaiDO9AATYBBCp7BK3izptaL9W59LFoLVj5zBP7A+vwBwqOURA==</latexit>

kx� xkk ⇡ 0

Local by design
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cubic Newton methods

<latexit sha1_base64="Gt7PF139jvctqh/SPNLOM1p6lNI="></latexit>

f(x)  f(xk) + hrf(xk), x� x
ki

+
1

2
hr2

f(xk)(x� x
k), x� x

ki

+
H

3
kx� x

kk3
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xk+1 = xk � (r2f(xk))�1rf(xk)

Global bound



Newton and  
cubic Newton methods

<latexit sha1_base64="Gt7PF139jvctqh/SPNLOM1p6lNI="></latexit>

f(x)  f(xk) + hrf(xk), x� x
ki

+
1

2
hr2

f(xk)(x� x
k), x� x

ki

+
H

3
kx� x

kk3

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Global bound
<latexit sha1_base64="pUsZ6B8C6bGo9E1NBkdYogrDL74=">AAACF3icbVDLTgIxFO3gC/GFunTTSExgAZlBoy6JblhiIo+EGUmndKCh05m0HcNk4C/c+CtuXGiMW935N5bHAsGT3OT0nHvTe48bMiqVaf4YqbX1jc2t9HZmZ3dv/yB7eNSQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4nfjNRyIkDfi9ikPi+KjHqUcxUlrqZEv2yObIZeihDL38sACLcOEdF7TNCCxX7dGwGNujTjZnlswp4Cqx5iQH5qh1st92N8CRT7jCDEnZtsxQOQkSimJGxhk7kiREeIB6pK0pRz6RTjK9awzPtNKFXiB0cQWn6uJEgnwpY9/VnT5SfbnsTcT/vHakvGsnoTyMFOF49pEXMagCOAkJdqkgWLFYE4QF1btC3EcCYaWjzOgQrOWTV0mjXLIuS+d3F7nKzTyONDgBpyAPLHAFKqAKaqAOMHgCL+ANvBvPxqvxYXzOWlPGfOYY/IHx9Qt5WJ2k</latexit>

kr2
f(x)�r2

f(y)k  2Hkx� yk



Newton and  
cubic Newton methods

<latexit sha1_base64="S4XKOfV4oMTLKkXVcFyTV66cPYs="></latexit>

x
k+1 = argmin

x

⇢
hrf(xk), x� x

ki+ 1

2
hr2

f(xk)(x� x
k), x� x

ki+ H

3
kx� x

kk3
�

Nesterov & Polyak, 2006 
Griewank, 1981

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="S4XKOfV4oMTLKkXVcFyTV66cPYs="></latexit>

x
k+1 = argmin

x

⇢
hrf(xk), x� x

ki+ 1

2
hr2

f(xk)(x� x
k), x� x

ki+ H

3
kx� x

kk3
�

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="X34kjHNhJWV4/GJP/W2oxAEByT4=">AAACN3icbVDLTgIxFO3gC/GFunTTSEwwRDJDiLoxIbphZTCRR8IA6ZQONHQ6k7ZjJAN/5cbfcKcbFxrj1j+wwCwEPEmb03Puze09TsCoVKb5aiRWVtfWN5Kbqa3tnd299P5BTfqhwKSKfeaLhoMkYZSTqqKKkUYgCPIcRurO4Gbi1x+IkNTn92oYkJaHepy6FCOlpU761ubIYQi62cf24BTm4OzdLsSKvqJBzhqfxXbZHv1R7NGcf2V20hkzb04Bl4kVkwyIUemkX+yuj0OPcIUZkrJpmYFqRUgoihkZp+xQkgDhAeqRpqYceUS2ouneY3iilS50faEPV3Cq/u2IkCfl0HN0pYdUXy56E/E/rxkq97IVUR6EinA8G+SGDCofTkKEXSoIVmyoCcKC6r9C3EcCYaWjTukQrMWVl0mtkLfO88W7YqZ0HceRBEfgGGSBBS5ACZRBBVQBBk/gDXyAT+PZeDe+jO9ZacKIew7BHIyfXx4ZqRo=</latexit>

rf(xk) +r2
f(xk)(xk+1 � x

k) +Hkxk+1 � x
kk(xk+1 � x

k) = 0



Newton and  
cubic Newton methods

<latexit sha1_base64="S4XKOfV4oMTLKkXVcFyTV66cPYs="></latexit>

x
k+1 = argmin

x

⇢
hrf(xk), x� x

ki+ 1

2
hr2

f(xk)(x� x
k), x� x

ki+ H

3
kx� x

kk3
�

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="X34kjHNhJWV4/GJP/W2oxAEByT4=">AAACN3icbVDLTgIxFO3gC/GFunTTSEwwRDJDiLoxIbphZTCRR8IA6ZQONHQ6k7ZjJAN/5cbfcKcbFxrj1j+wwCwEPEmb03Puze09TsCoVKb5aiRWVtfWN5Kbqa3tnd299P5BTfqhwKSKfeaLhoMkYZSTqqKKkUYgCPIcRurO4Gbi1x+IkNTn92oYkJaHepy6FCOlpU761ubIYQi62cf24BTm4OzdLsSKvqJBzhqfxXbZHv1R7NGcf2V20hkzb04Bl4kVkwyIUemkX+yuj0OPcIUZkrJpmYFqRUgoihkZp+xQkgDhAeqRpqYceUS2ouneY3iilS50faEPV3Cq/u2IkCfl0HN0pYdUXy56E/E/rxkq97IVUR6EinA8G+SGDCofTkKEXSoIVmyoCcKC6r9C3EcCYaWjTukQrMWVl0mtkLfO88W7YqZ0HceRBEfgGGSBBS5ACZRBBVQBBk/gDXyAT+PZeDe+jO9ZacKIew7BHIyfXx4ZqRo=</latexit>

rf(xk) +r2
f(xk)(xk+1 � x

k) +Hkxk+1 � x
kk(xk+1 � x

k) = 0



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)
<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)
<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

Converges globally



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)
<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

But no closed-form expression!

Converges globally



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="GQG/GnjW54tXZbiR+oeNFbXCIl4="></latexit>

Lemma. It holds Hkxk+1 � x
kk ⇡

p
Hkrf(xk+1)k.

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="GQG/GnjW54tXZbiR+oeNFbXCIl4="></latexit>

Lemma. It holds Hkxk+1 � x
kk ⇡

p
Hkrf(xk+1)k.

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="GQG/GnjW54tXZbiR+oeNFbXCIl4="></latexit>

Lemma. It holds Hkxk+1 � x
kk ⇡

p
Hkrf(xk+1)k.

<latexit sha1_base64="rfyp8xRhvK539EgfbQ2qrXW5YoI="></latexit>

Idea. Maybe Hkxk+1 � x
kk ⇡

p
Hkrf(xk)k?

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="GQG/GnjW54tXZbiR+oeNFbXCIl4="></latexit>

Lemma. It holds Hkxk+1 � x
kk ⇡

p
Hkrf(xk+1)k.

<latexit sha1_base64="rfyp8xRhvK539EgfbQ2qrXW5YoI="></latexit>

Idea. Maybe Hkxk+1 � x
kk ⇡

p
Hkrf(xk)k?

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

Almost!



<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

Newton and  
cubic Newton methods

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="GQG/GnjW54tXZbiR+oeNFbXCIl4="></latexit>

Lemma. It holds Hkxk+1 � x
kk ⇡

p
Hkrf(xk+1)k.

<latexit sha1_base64="rfyp8xRhvK539EgfbQ2qrXW5YoI="></latexit>

Idea. Maybe Hkxk+1 � x
kk ⇡

p
Hkrf(xk)k?

Almost!We can prove one side
<latexit sha1_base64="5+CBV1zib8V9a1GgyreHkljfNbE=">AAACGXicbVC7TsMwFHV4lvIqMLJYVEhFiCoBBIwVLB2LRB9S01aO67RWHCfYDmqV5jdY+BUWBhBihIm/wWk7QMuRLB2dc66u73FCRqUyzW9jYXFpeWU1s5Zd39jc2s7t7NZkEAlMqjhggWg4SBJGOakqqhhphIIg32Gk7ng3qV9/IELSgN+pYUhaPupx6lKMlJY6ObNsjwbt2Du2kpNB27NH0GYE2vJeqFhbNkcOQ9AtpJnkyB4lnVzeLJpjwHliTUkeTFHp5D7tboAjn3CFGZKyaZmhasVIKIoZSbJ2JEmIsId6pKkpRz6RrXh8WQIPtdKFbiD04wqO1d8TMfKlHPqOTvpI9eWsl4r/ec1IuVetmPIwUoTjySI3YlAFMK0JdqkgWLGhJggLqv8KcR8JhJUuM6tLsGZPnie106J1UTy7Pc+Xrqd1ZMA+OAAFYIFLUAJlUAFVgMEjeAav4M14Ml6Md+NjEl0wpjN74A+Mrx9COaB7</latexit>

Hkxk+1 � x
kk 

q
Hkrf(xk)k
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1. Problem 
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Proposed method
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)



Proposed method
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="pUsZ6B8C6bGo9E1NBkdYogrDL74=">AAACF3icbVDLTgIxFO3gC/GFunTTSExgAZlBoy6JblhiIo+EGUmndKCh05m0HcNk4C/c+CtuXGiMW935N5bHAsGT3OT0nHvTe48bMiqVaf4YqbX1jc2t9HZmZ3dv/yB7eNSQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4nfjNRyIkDfi9ikPi+KjHqUcxUlrqZEv2yObIZeihDL38sACLcOEdF7TNCCxX7dGwGNujTjZnlswp4Cqx5iQH5qh1st92N8CRT7jCDEnZtsxQOQkSimJGxhk7kiREeIB6pK0pRz6RTjK9awzPtNKFXiB0cQWn6uJEgnwpY9/VnT5SfbnsTcT/vHakvGsnoTyMFOF49pEXMagCOAkJdqkgWLFYE4QF1btC3EcCYaWjzOgQrOWTV0mjXLIuS+d3F7nKzTyONDgBpyAPLHAFKqAKaqAOMHgCL+ANvBvPxqvxYXzOWlPGfOYY/IHx9Qt5WJ2k</latexit>

kr2
f(x)�r2

f(y)k  2Hkx� yk



Global convergence
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="6Xqor4ixjd4O9sp2QMUXKy2y4D0="></latexit>

f(xk)� f(x⇤) = O

✓
1

k2

◆
<latexit sha1_base64="AVPuJrTvwm3+wnYilWj4z52xJmA="></latexit>

Theorem. For any initialization x0 2 Rd



Global convergence
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="6Xqor4ixjd4O9sp2QMUXKy2y4D0="></latexit>

f(xk)� f(x⇤) = O

✓
1

k2

◆

Convex and has 
Lipschitz Hessian

<latexit sha1_base64="AVPuJrTvwm3+wnYilWj4z52xJmA="></latexit>

Theorem. For any initialization x0 2 Rd



Global convergence
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="6Xqor4ixjd4O9sp2QMUXKy2y4D0="></latexit>

f(xk)� f(x⇤) = O

✓
1

k2

◆

Any optimum

<latexit sha1_base64="AVPuJrTvwm3+wnYilWj4z52xJmA="></latexit>

Theorem. For any initialization x0 2 Rd



Global convergence
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="6Xqor4ixjd4O9sp2QMUXKy2y4D0="></latexit>

f(xk)� f(x⇤) = O

✓
1

k2

◆
<latexit sha1_base64="AVPuJrTvwm3+wnYilWj4z52xJmA="></latexit>

Theorem. For any initialization x0 2 Rd

No line search or subproblems!



Global convergence
<latexit sha1_base64="R7sczfx3zq/IAVmaQI2WJcOdp24="></latexit>

x
k+1 = x

k �
⇣
r2

f(xk) +
q

Hkrf(xk)kI
⌘�1

rf(xk)

<latexit sha1_base64="6Xqor4ixjd4O9sp2QMUXKy2y4D0="></latexit>

f(xk)� f(x⇤) = O

✓
1

k2

◆
<latexit sha1_base64="AVPuJrTvwm3+wnYilWj4z52xJmA="></latexit>

Theorem. For any initialization x0 2 Rd

No line search or subproblems!
Matches rate of cubic Newton!



<latexit sha1_base64="Vh2D9kYpamg7BmLJv8ZWeLgzn1o=">AAACB3icbVDLSgMxFM3UV62vUZeCBFtBEMtMBXUjFHXhsoJ9QGdaMmmmDZN5kGSkZdqdG3/FjQtF3PoL7vwb03YW2nogcDjnHm7ucSJGhTSMby2zsLi0vJJdza2tb2xu6ds7NRHGHJMqDlnIGw4ShNGAVCWVjDQiTpDvMFJ3vOuxX38gXNAwuJeDiNg+6gbUpRhJJbX1/Rviqigs8LYHL6E17LcS79gcnfRbnjUstPW8UTQmgPPETEkepKi09S+rE+LYJ4HEDAnRNI1I2gnikmJGRjkrFiRC2ENd0lQ0QD4RdjK5YwQPldKBbsjVCyScqL8TCfKFGPiOmvSR7IlZbyz+5zVj6V7YCQ2iWJIATxe5MYMyhONSYIdygiUbKIIwp+qvEPcQR1iq6nKqBHP25HlSKxXNs+LpXSlfvkrryII9cACOgAnOQRncggqoAgwewTN4BW/ak/aivWsf09GMlmZ2wR9onz/GTZf8</latexit>

Define rk = kxk+1 � xkk

Proof idea: mimic cubic Newton



<latexit sha1_base64="vfadSgJNZVa0iEAkC/TOng3CTRk=">AAAB/3icbVBNS8NAEN34bf2KCl68LBbBU0kUVDwVe/EkClaFNpTNdtIubjZhd6KW2IN/xYsHRbz6N7z5b9zWHLT1wcDjvRlm5oWpFAY978uZmJyanpmdmy8tLC4tr7ira5cmyTSHOk9koq9DZkAKBXUUKOE61cDiUMJVeFMb+Fe3oI1I1AX2Ughi1lEiEpyhlVruRhPhHsMor2Wh4PQU7jBRR/2WW/Yq3hB0nPgFKZMCZy33s9lOeBaDQi6ZMQ3fSzHImUbBJfRLzcxAyvgN60DDUsViMEE+vL9Pt63SplGibSmkQ/X3RM5iY3pxaDtjhl0z6g3E/7xGhtFhkAuVZgiK/yyKMkkxoYMwaFto4Ch7ljCuhb2V8i7TjKONrGRD8EdfHieXuxV/v7J3vluuHhdxzJFNskV2iE8OSJWckDNSJ5w8kCfyQl6dR+fZeXPef1onnGJmnfyB8/ENHHGWKQ==</latexit>

Cubic Newton:
<latexit sha1_base64="FmkPcVvt7Uh+/O9IUSXXVY/envc="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +HrkI
��1rf(xk)

<latexit sha1_base64="Vh2D9kYpamg7BmLJv8ZWeLgzn1o=">AAACB3icbVDLSgMxFM3UV62vUZeCBFtBEMtMBXUjFHXhsoJ9QGdaMmmmDZN5kGSkZdqdG3/FjQtF3PoL7vwb03YW2nogcDjnHm7ucSJGhTSMby2zsLi0vJJdza2tb2xu6ds7NRHGHJMqDlnIGw4ShNGAVCWVjDQiTpDvMFJ3vOuxX38gXNAwuJeDiNg+6gbUpRhJJbX1/Rviqigs8LYHL6E17LcS79gcnfRbnjUstPW8UTQmgPPETEkepKi09S+rE+LYJ4HEDAnRNI1I2gnikmJGRjkrFiRC2ENd0lQ0QD4RdjK5YwQPldKBbsjVCyScqL8TCfKFGPiOmvSR7IlZbyz+5zVj6V7YCQ2iWJIATxe5MYMyhONSYIdygiUbKIIwp+qvEPcQR1iq6nKqBHP25HlSKxXNs+LpXSlfvkrryII9cACOgAnOQRncggqoAgwewTN4BW/ak/aivWsf09GMlmZ2wR9onz/GTZf8</latexit>

Define rk = kxk+1 � xkk

Proof idea: mimic cubic Newton



Proof idea: mimic cubic Newton

<latexit sha1_base64="vfadSgJNZVa0iEAkC/TOng3CTRk=">AAAB/3icbVBNS8NAEN34bf2KCl68LBbBU0kUVDwVe/EkClaFNpTNdtIubjZhd6KW2IN/xYsHRbz6N7z5b9zWHLT1wcDjvRlm5oWpFAY978uZmJyanpmdmy8tLC4tr7ira5cmyTSHOk9koq9DZkAKBXUUKOE61cDiUMJVeFMb+Fe3oI1I1AX2Ughi1lEiEpyhlVruRhPhHsMor2Wh4PQU7jBRR/2WW/Yq3hB0nPgFKZMCZy33s9lOeBaDQi6ZMQ3fSzHImUbBJfRLzcxAyvgN60DDUsViMEE+vL9Pt63SplGibSmkQ/X3RM5iY3pxaDtjhl0z6g3E/7xGhtFhkAuVZgiK/yyKMkkxoYMwaFto4Ch7ljCuhb2V8i7TjKONrGRD8EdfHieXuxV/v7J3vluuHhdxzJFNskV2iE8OSJWckDNSJ5w8kCfyQl6dR+fZeXPef1onnGJmnfyB8/ENHHGWKQ==</latexit>

Cubic Newton:
<latexit sha1_base64="FmkPcVvt7Uh+/O9IUSXXVY/envc="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +HrkI
��1rf(xk)

<latexit sha1_base64="WQPqo/p8awOdzT3DM/wBx9c8JaU="></latexit>

xk+1 = xk �
�
r2f(xk) + �kI

��1rf(xk)

<latexit sha1_base64="jYgCSipD/N6yIAMA3AiCkA11cLY=">AAAB/XicbVDJSgNBEO1xN27jcvPSGARPYSaCiqegF08uYKKQDKGnU6NNenqG7ho1DsFf8eJBEa/+hzf/xk4yB7cHBY/3qqiqF6ZSGPS8T2dsfGJyanpmtjQ3v7C45C6vNEySaQ51nshEX4bMgBQK6ihQwmWqgcWhhIuwezjwL25AG5Goc+ylEMTsSolIcIZWartrLYQ7DKP8JNP0GG4xUfv9tlv2Kt4Q9C/xC1ImBU7b7kerk/AsBoVcMmOavpdikDONgkvol1qZgZTxLruCpqWKxWCCfHh9n25apUOjRNtSSIfq94mcxcb04tB2xgyvzW9vIP7nNTOM9oJcqDRDUHy0KMokxYQOoqAdoYGj7FnCuBb2VsqvmWYcbWAlG4L/++W/pFGt+DuV7bNquXZQxDFD1skG2SI+2SU1ckROSZ1wck8eyTN5cR6cJ+fVeRu1jjnFzCr5Aef9C7fClWU=</latexit>

Our Newton:

<latexit sha1_base64="Vh2D9kYpamg7BmLJv8ZWeLgzn1o=">AAACB3icbVDLSgMxFM3UV62vUZeCBFtBEMtMBXUjFHXhsoJ9QGdaMmmmDZN5kGSkZdqdG3/FjQtF3PoL7vwb03YW2nogcDjnHm7ucSJGhTSMby2zsLi0vJJdza2tb2xu6ds7NRHGHJMqDlnIGw4ShNGAVCWVjDQiTpDvMFJ3vOuxX38gXNAwuJeDiNg+6gbUpRhJJbX1/Rviqigs8LYHL6E17LcS79gcnfRbnjUstPW8UTQmgPPETEkepKi09S+rE+LYJ4HEDAnRNI1I2gnikmJGRjkrFiRC2ENd0lQ0QD4RdjK5YwQPldKBbsjVCyScqL8TCfKFGPiOmvSR7IlZbyz+5zVj6V7YCQ2iWJIATxe5MYMyhONSYIdygiUbKIIwp+qvEPcQR1iq6nKqBHP25HlSKxXNs+LpXSlfvkrryII9cACOgAnOQRncggqoAgwewTN4BW/ak/aivWsf09GMlmZ2wR9onz/GTZf8</latexit>

Define rk = kxk+1 � xkk



Proof idea: mimic cubic Newton

<latexit sha1_base64="vfadSgJNZVa0iEAkC/TOng3CTRk=">AAAB/3icbVBNS8NAEN34bf2KCl68LBbBU0kUVDwVe/EkClaFNpTNdtIubjZhd6KW2IN/xYsHRbz6N7z5b9zWHLT1wcDjvRlm5oWpFAY978uZmJyanpmdmy8tLC4tr7ira5cmyTSHOk9koq9DZkAKBXUUKOE61cDiUMJVeFMb+Fe3oI1I1AX2Ughi1lEiEpyhlVruRhPhHsMor2Wh4PQU7jBRR/2WW/Yq3hB0nPgFKZMCZy33s9lOeBaDQi6ZMQ3fSzHImUbBJfRLzcxAyvgN60DDUsViMEE+vL9Pt63SplGibSmkQ/X3RM5iY3pxaDtjhl0z6g3E/7xGhtFhkAuVZgiK/yyKMkkxoYMwaFto4Ch7ljCuhb2V8i7TjKONrGRD8EdfHieXuxV/v7J3vluuHhdxzJFNskV2iE8OSJWckDNSJ5w8kCfyQl6dR+fZeXPef1onnGJmnfyB8/ENHHGWKQ==</latexit>

Cubic Newton:
<latexit sha1_base64="FmkPcVvt7Uh+/O9IUSXXVY/envc="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +HrkI
��1rf(xk)

<latexit sha1_base64="WQPqo/p8awOdzT3DM/wBx9c8JaU="></latexit>

xk+1 = xk �
�
r2f(xk) + �kI

��1rf(xk)

<latexit sha1_base64="jYgCSipD/N6yIAMA3AiCkA11cLY=">AAAB/XicbVDJSgNBEO1xN27jcvPSGARPYSaCiqegF08uYKKQDKGnU6NNenqG7ho1DsFf8eJBEa/+hzf/xk4yB7cHBY/3qqiqF6ZSGPS8T2dsfGJyanpmtjQ3v7C45C6vNEySaQ51nshEX4bMgBQK6ihQwmWqgcWhhIuwezjwL25AG5Goc+ylEMTsSolIcIZWartrLYQ7DKP8JNP0GG4xUfv9tlv2Kt4Q9C/xC1ImBU7b7kerk/AsBoVcMmOavpdikDONgkvol1qZgZTxLruCpqWKxWCCfHh9n25apUOjRNtSSIfq94mcxcb04tB2xgyvzW9vIP7nNTOM9oJcqDRDUHy0KMokxYQOoqAdoYGj7FnCuBb2VsqvmWYcbWAlG4L/++W/pFGt+DuV7bNquXZQxDFD1skG2SI+2SU1ckROSZ1wck8eyTN5cR6cJ+fVeRu1jjnFzCr5Aef9C7fClWU=</latexit>

Our Newton:

<latexit sha1_base64="jmjOuT4fDQXEdQRkhXFQEcel90Y="></latexit>

Define rk = kxk+1 � x
kk and �k =

p
Hkrf(xk)k



<latexit sha1_base64="vfadSgJNZVa0iEAkC/TOng3CTRk=">AAAB/3icbVBNS8NAEN34bf2KCl68LBbBU0kUVDwVe/EkClaFNpTNdtIubjZhd6KW2IN/xYsHRbz6N7z5b9zWHLT1wcDjvRlm5oWpFAY978uZmJyanpmdmy8tLC4tr7ira5cmyTSHOk9koq9DZkAKBXUUKOE61cDiUMJVeFMb+Fe3oI1I1AX2Ughi1lEiEpyhlVruRhPhHsMor2Wh4PQU7jBRR/2WW/Yq3hB0nPgFKZMCZy33s9lOeBaDQi6ZMQ3fSzHImUbBJfRLzcxAyvgN60DDUsViMEE+vL9Pt63SplGibSmkQ/X3RM5iY3pxaDtjhl0z6g3E/7xGhtFhkAuVZgiK/yyKMkkxoYMwaFto4Ch7ljCuhb2V8i7TjKONrGRD8EdfHieXuxV/v7J3vluuHhdxzJFNskV2iE8OSJWckDNSJ5w8kCfyQl6dR+fZeXPef1onnGJmnfyB8/ENHHGWKQ==</latexit>

Cubic Newton:
<latexit sha1_base64="FmkPcVvt7Uh+/O9IUSXXVY/envc="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +HrkI
��1rf(xk)

<latexit sha1_base64="WQPqo/p8awOdzT3DM/wBx9c8JaU="></latexit>

xk+1 = xk �
�
r2f(xk) + �kI

��1rf(xk)

<latexit sha1_base64="dkFy70rytoi9TWHzwxu5c8bouZE="></latexit>

Idea. Everything is fine if Hrk ⇡ �k

<latexit sha1_base64="jYgCSipD/N6yIAMA3AiCkA11cLY=">AAAB/XicbVDJSgNBEO1xN27jcvPSGARPYSaCiqegF08uYKKQDKGnU6NNenqG7ho1DsFf8eJBEa/+hzf/xk4yB7cHBY/3qqiqF6ZSGPS8T2dsfGJyanpmtjQ3v7C45C6vNEySaQ51nshEX4bMgBQK6ihQwmWqgcWhhIuwezjwL25AG5Goc+ylEMTsSolIcIZWartrLYQ7DKP8JNP0GG4xUfv9tlv2Kt4Q9C/xC1ImBU7b7kerk/AsBoVcMmOavpdikDONgkvol1qZgZTxLruCpqWKxWCCfHh9n25apUOjRNtSSIfq94mcxcb04tB2xgyvzW9vIP7nNTOM9oJcqDRDUHy0KMokxYQOoqAdoYGj7FnCuBb2VsqvmWYcbWAlG4L/++W/pFGt+DuV7bNquXZQxDFD1skG2SI+2SU1ckROSZ1wck8eyTN5cR6cJ+fVeRu1jjnFzCr5Aef9C7fClWU=</latexit>

Our Newton:

<latexit sha1_base64="jmjOuT4fDQXEdQRkhXFQEcel90Y="></latexit>

Define rk = kxk+1 � x
kk and �k =

p
Hkrf(xk)k

Proof idea: mimic cubic Newton



<latexit sha1_base64="vfadSgJNZVa0iEAkC/TOng3CTRk=">AAAB/3icbVBNS8NAEN34bf2KCl68LBbBU0kUVDwVe/EkClaFNpTNdtIubjZhd6KW2IN/xYsHRbz6N7z5b9zWHLT1wcDjvRlm5oWpFAY978uZmJyanpmdmy8tLC4tr7ira5cmyTSHOk9koq9DZkAKBXUUKOE61cDiUMJVeFMb+Fe3oI1I1AX2Ughi1lEiEpyhlVruRhPhHsMor2Wh4PQU7jBRR/2WW/Yq3hB0nPgFKZMCZy33s9lOeBaDQi6ZMQ3fSzHImUbBJfRLzcxAyvgN60DDUsViMEE+vL9Pt63SplGibSmkQ/X3RM5iY3pxaDtjhl0z6g3E/7xGhtFhkAuVZgiK/yyKMkkxoYMwaFto4Ch7ljCuhb2V8i7TjKONrGRD8EdfHieXuxV/v7J3vluuHhdxzJFNskV2iE8OSJWckDNSJ5w8kCfyQl6dR+fZeXPef1onnGJmnfyB8/ENHHGWKQ==</latexit>

Cubic Newton:
<latexit sha1_base64="FmkPcVvt7Uh+/O9IUSXXVY/envc="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +HrkI
��1rf(xk)

<latexit sha1_base64="WQPqo/p8awOdzT3DM/wBx9c8JaU="></latexit>

xk+1 = xk �
�
r2f(xk) + �kI

��1rf(xk)

<latexit sha1_base64="dkFy70rytoi9TWHzwxu5c8bouZE="></latexit>

Idea. Everything is fine if Hrk ⇡ �k

<latexit sha1_base64="jYgCSipD/N6yIAMA3AiCkA11cLY=">AAAB/XicbVDJSgNBEO1xN27jcvPSGARPYSaCiqegF08uYKKQDKGnU6NNenqG7ho1DsFf8eJBEa/+hzf/xk4yB7cHBY/3qqiqF6ZSGPS8T2dsfGJyanpmtjQ3v7C45C6vNEySaQ51nshEX4bMgBQK6ihQwmWqgcWhhIuwezjwL25AG5Goc+ylEMTsSolIcIZWartrLYQ7DKP8JNP0GG4xUfv9tlv2Kt4Q9C/xC1ImBU7b7kerk/AsBoVcMmOavpdikDONgkvol1qZgZTxLruCpqWKxWCCfHh9n25apUOjRNtSSIfq94mcxcb04tB2xgyvzW9vIP7nNTOM9oJcqDRDUHy0KMokxYQOoqAdoYGj7FnCuBb2VsqvmWYcbWAlG4L/++W/pFGt+DuV7bNquXZQxDFD1skG2SI+2SU1ckROSZ1wck8eyTN5cR6cJ+fVeRu1jjnFzCr5Aef9C7fClWU=</latexit>

Our Newton:

<latexit sha1_base64="jmjOuT4fDQXEdQRkhXFQEcel90Y="></latexit>

Define rk = kxk+1 � x
kk and �k =

p
Hkrf(xk)k

Proof idea: mimic cubic Newton

Easy part: <latexit sha1_base64="ZIK+j1cj6cp3iJ1MusbAJJsxyDE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6rLopssK9gFNCJPJTTtk8mBmopTYT3HjQhG3fok7/8Zpm4W2Hhg4nHMP987xM86ksqxvo7K2vrG5Vd2u7ezu7R+Y9cOeTHNBoUtTnoqBTyRwlkBXMcVhkAkgsc+h70e3M7//AEKyNLlXkwzcmIwSFjJKlJY8s94WXuRwwA7XoYB4kWc2rKY1B14ldkkaqETHM7+cIKV5DIminEg5tK1MuQURilEO05qTS8gIjcgIhpomJAbpFvPTp/hUKwEOU6FfovBc/Z0oSCzlJPb1ZEzUWC57M/E/b5ir8NotWJLlChK6WBTmHKsUz3rAARNAFZ9oQqhg+lZMx0QQqnRbNV2CvfzlVdI7b9qXzYu7i0brpqyjio7RCTpDNrpCLdRGHdRFFD2iZ/SK3own48V4Nz4WoxWjzByhPzA+fwDKY5O2</latexit>

Hrk  �k



Proof sketch
<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k



Proof sketch
<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k

<latexit sha1_base64="tVHaIFWh5Xj4P38cxg7zO0xxkgE=">AAACD3icbVA9T8MwEHX4LOWrwMhiUUBMVVIkYKxg6cAAEgWkJooc9wJW7SSyL4gq6j9g4a+wMIAQKysb/wa3dICWJ5309N7d2feiTAqDrvvlTE3PzM7NlxbKi0vLK6uVtfVLk+aaQ4unMtXXETMgRQItFCjhOtPAVCThKuqeDPyrO9BGpMkF9jIIFLtJRCw4QyuFlV0f4R6juDgFpRj1an263dRhl/oSbNlFHRZ2t8NK1a25Q9BJ4o1IlYxwFlY+/U7KcwUJcsmMaXtuhkHBNAouoV/2cwMZ4112A21LE6bABMXwnj7dsUqHxqm2lSAdqr8nCqaM6anIdiqGt2bcG4j/ee0c46OgEEmWIyT856E4lxRTOgiHdoQGjrJnCeNa2L9Sfss042gjLNsQvPGTJ8llveYd1PbP69XG8SiOEtkkW2SPeOSQNEiTnJEW4eSBPJEX8uo8Os/Om/P+0zrljGY2yB84H9/6f5tZ</latexit>

Lemma 1. Hrk  �k (Regularization is big enough)



Proof sketch
<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k

<latexit sha1_base64="tVHaIFWh5Xj4P38cxg7zO0xxkgE=">AAACD3icbVA9T8MwEHX4LOWrwMhiUUBMVVIkYKxg6cAAEgWkJooc9wJW7SSyL4gq6j9g4a+wMIAQKysb/wa3dICWJ5309N7d2feiTAqDrvvlTE3PzM7NlxbKi0vLK6uVtfVLk+aaQ4unMtXXETMgRQItFCjhOtPAVCThKuqeDPyrO9BGpMkF9jIIFLtJRCw4QyuFlV0f4R6juDgFpRj1an263dRhl/oSbNlFHRZ2t8NK1a25Q9BJ4o1IlYxwFlY+/U7KcwUJcsmMaXtuhkHBNAouoV/2cwMZ4112A21LE6bABMXwnj7dsUqHxqm2lSAdqr8nCqaM6anIdiqGt2bcG4j/ee0c46OgEEmWIyT856E4lxRTOgiHdoQGjrJnCeNa2L9Sfss042gjLNsQvPGTJ8llveYd1PbP69XG8SiOEtkkW2SPeOSQNEiTnJEW4eSBPJEX8uo8Os/Om/P+0zrljGY2yB84H9/6f5tZ</latexit>

Lemma 1. Hrk  �k (Regularization is big enough)
<latexit sha1_base64="omBEyIUt09QIF5q7hE7L2uBWruQ="></latexit>

rk = k(r2
f(xk) + �kI)

�1rf(xk)k  1

�k
krf(xk)k =

�
2
k

H



Proof sketch

<latexit sha1_base64="4jCdkt3uEcBCtrFXGB3KW1WIuh0="></latexit>

Lemma 2. krf(xk+1)k  2krf(xk)k

<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k

<latexit sha1_base64="tVHaIFWh5Xj4P38cxg7zO0xxkgE=">AAACD3icbVA9T8MwEHX4LOWrwMhiUUBMVVIkYKxg6cAAEgWkJooc9wJW7SSyL4gq6j9g4a+wMIAQKysb/wa3dICWJ5309N7d2feiTAqDrvvlTE3PzM7NlxbKi0vLK6uVtfVLk+aaQ4unMtXXETMgRQItFCjhOtPAVCThKuqeDPyrO9BGpMkF9jIIFLtJRCw4QyuFlV0f4R6juDgFpRj1an263dRhl/oSbNlFHRZ2t8NK1a25Q9BJ4o1IlYxwFlY+/U7KcwUJcsmMaXtuhkHBNAouoV/2cwMZ4112A21LE6bABMXwnj7dsUqHxqm2lSAdqr8nCqaM6anIdiqGt2bcG4j/ee0c46OgEEmWIyT856E4lxRTOgiHdoQGjrJnCeNa2L9Sfss042gjLNsQvPGTJ8llveYd1PbP69XG8SiOEtkkW2SPeOSQNEiTnJEW4eSBPJEX8uo8Os/Om/P+0zrljGY2yB84H9/6f5tZ</latexit>

Lemma 1. Hrk  �k

(No blow-up in gradients)



Proof sketch

<latexit sha1_base64="4jCdkt3uEcBCtrFXGB3KW1WIuh0="></latexit>

Lemma 2. krf(xk+1)k  2krf(xk)k

<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k

<latexit sha1_base64="tVHaIFWh5Xj4P38cxg7zO0xxkgE=">AAACD3icbVA9T8MwEHX4LOWrwMhiUUBMVVIkYKxg6cAAEgWkJooc9wJW7SSyL4gq6j9g4a+wMIAQKysb/wa3dICWJ5309N7d2feiTAqDrvvlTE3PzM7NlxbKi0vLK6uVtfVLk+aaQ4unMtXXETMgRQItFCjhOtPAVCThKuqeDPyrO9BGpMkF9jIIFLtJRCw4QyuFlV0f4R6juDgFpRj1an263dRhl/oSbNlFHRZ2t8NK1a25Q9BJ4o1IlYxwFlY+/U7KcwUJcsmMaXtuhkHBNAouoV/2cwMZ4112A21LE6bABMXwnj7dsUqHxqm2lSAdqr8nCqaM6anIdiqGt2bcG4j/ee0c46OgEEmWIyT856E4lxRTOgiHdoQGjrJnCeNa2L9Sfss042gjLNsQvPGTJ8llveYd1PbP69XG8SiOEtkkW2SPeOSQNEiTnJEW4eSBPJEX8uo8Os/Om/P+0zrljGY2yB84H9/6f5tZ</latexit>

Lemma 1. Hrk  �k

(Descent)
<latexit sha1_base64="Nv+q3cDO9YQrUvpwx3DoZjqXEqQ="></latexit>

Lemma 3. f(xk+1)  f(xk)� 2
3�kr2k

Follows from Lemma 1



Proof sketch

<latexit sha1_base64="4jCdkt3uEcBCtrFXGB3KW1WIuh0="></latexit>

Lemma 2. krf(xk+1)k  2krf(xk)k

<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k

<latexit sha1_base64="tVHaIFWh5Xj4P38cxg7zO0xxkgE=">AAACD3icbVA9T8MwEHX4LOWrwMhiUUBMVVIkYKxg6cAAEgWkJooc9wJW7SSyL4gq6j9g4a+wMIAQKysb/wa3dICWJ5309N7d2feiTAqDrvvlTE3PzM7NlxbKi0vLK6uVtfVLk+aaQ4unMtXXETMgRQItFCjhOtPAVCThKuqeDPyrO9BGpMkF9jIIFLtJRCw4QyuFlV0f4R6juDgFpRj1an263dRhl/oSbNlFHRZ2t8NK1a25Q9BJ4o1IlYxwFlY+/U7KcwUJcsmMaXtuhkHBNAouoV/2cwMZ4112A21LE6bABMXwnj7dsUqHxqm2lSAdqr8nCqaM6anIdiqGt2bcG4j/ee0c46OgEEmWIyT856E4lxRTOgiHdoQGjrJnCeNa2L9Sfss042gjLNsQvPGTJ8llveYd1PbP69XG8SiOEtkkW2SPeOSQNEiTnJEW4eSBPJEX8uo8Os/Om/P+0zrljGY2yB84H9/6f5tZ</latexit>

Lemma 1. Hrk  �k

Not sufficient to show a good rate.  
It’s time for a new trick!

<latexit sha1_base64="Nv+q3cDO9YQrUvpwx3DoZjqXEqQ="></latexit>

Lemma 3. f(xk+1)  f(xk)� 2
3�kr2k



Proof sketch

<latexit sha1_base64="4jCdkt3uEcBCtrFXGB3KW1WIuh0="></latexit>

Lemma 2. krf(xk+1)k  2krf(xk)k

<latexit sha1_base64="JI21Qo2leUdVD26WmEAfWkF/YQI="></latexit>

rk = kxk+1 � x
kk �k =

q
Hkrf(xk)k
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Intuition: it’s almost like cubic Newton
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What’s next?

1. Nonsmooth problems 
2. Inexact/subspace updates 
3. Acceleration 
4. Minmax optimization 
5. Stochastic Newton (very hard!) 
6. Practical quasi-Newton variants



90% is due to Nesterov & Polyak
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“If I have seen further it is by standing on ye 
sholders of Giants”, Newton, 1676


