ACCELERATION OF FIRST-ORDER ALGORITHMS

VIA
INERTIAL DYNAMICS WITH HESSIAN DAMPING

Hedy ATTOUCH

Université Montpellier
Institut Montpelliérain Alexander Grothendieck, UMR CNRS 5149

Based on joint work with Z. Chbani, J. Fadili, H. Riahi.

One World Optimization Seminar

January 18, 2021

H. ATTOUCH (Univ. Montpellier) Hessian driven damping



Introduction

Convex optimization
e A real Hilbert space, (x,x) = ||x||°.
e f:H — R convex differentiable, S = argminy f # 0.

(P) min{f(x): x € H}.

Damped inertial dynamic

X(t) + %k(t) + BV2F(x())x(t) + b(t)VF(x(t)) = 0.
~—_——

damping force driving force

gx(t) . accelerated gradient method of Nesterov;

Damping: t
BV2f(x(t))x(t) : neutralization of oscillations.
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Temporal discretization, step size /s
%(t) + Sx(2) + BV (x(D))x(2) + b(E)VF(x(8)) = .
V2f(x(t))x(t) = %Vf(x(t)) — first-order algorithms.

{yk = Xx + (1 = %) (Xk = kal) = [3\/5 (Vf(Xk) = Vf(kal)) = 'BT\/EVf(kal)

Xkt1 = Yk — SV (yk).

Convergence rates
f:H — R convex, Vf L-Lipschitz, « >3, 0<3<2ys, sL<1.

. . 1
i) fxx) — mq_llnf =0 (kz) as k — +o0;

i) Z:k2||Vf(xk)||2 < 400 and Z:/<2||Vf(yk)||2 < 400.
K k
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@ Survey on the inertial methods in optimization.

@ Inertial DYNAMICS with Hessian driven damping.

@ Inertial ALGORITHMS with Hessian driven damping.
@ Numerical experiments.

@ Related systems.

@ Monotone inclusions.

@ Perspective, open questions.
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1. INERTIAL DYNAMICS/ALGORITHMS
IN OPTIMIZATION
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1. The heavy ball with friction method of Polyak (64,87)

~v > 0: fixed viscous damping coefficient
(HBF) x(t) +yx(t) + Vf(x(t)) = 0. J

Exploration of local minima via (HBF)
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The heavy ball with friction method of Polyak

(HBF)  X(t) +~x(t) + VF(x(t)) = 0.

General convex case
o f(x(t)) —infy f=0(%) ast— +oo.
o x(t) = X0 € S weakly (Alvarez, 2000).

Strongly convex case: f — &]| - ||? convex
x(t) +2/px(t) + VF(x(t)) = 0.

o f(x(t)) —infy f = O (e VF) ast— +oo.
e Link between the geometry of f and the damping coefficient.

Recent trends in dissipative autonomous systems:
Haraux-Jendoubi (Springer Briefs, 2015), A.-Bot-Csetnek (JEMS, 2021).
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2. Asymptotic vanishing damping: v(t) — 0 as t — 400

x(t) +y(t)x(t) + VF(x(t)) =0, t>t.

Theorem (Cabot-Engler-Gaddat (TAMS 2009))
The optimization property is satisfied if f ~(t)dt =

Define:  p(t) := exp (ftz 7(7-)0'7-)’ = p(t) f+oo ds

Theorem (A.-Cabot (JDE 2017))

Y(t)M4(t) < m for some m < %

1/2
—mi = —1— ; —of Lt
f(x(t)) — ming f = (ft; B ds) , Ix(8)] = o <ft; B ds) .

Case: v(t) =%, I, (t) = , which gives o > 3.
t Y a— 1
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Su-Boyd-Candes model for Nesterov accelerated method

(AVD),  X(t) + %X(t) + VF(x(t)) = 0.

@ o =3: Su-Boyd-Candes (NIPS 2014)
1
f(x(t)) — m7_iln = (;) as t — 400.
@ a > 3: A.-Chbani-Peypouquet-Redont (Math. Program. 2018)
1
f(x(t)) — m%iln f=o (§> , X(t) = X0 € S as t — +00.

o « < 3: Apidopoulos-Aujol-Dossal (SIOPT 2018),
A .-Chbani-Riahi (ESAIM COCV 2019)

f(x(t)) —minf =0 (%) as t — 4o0.
H t3
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(AVD)o  X(£) + TX(8) + VF(x(1)) = 0
f ingf =0 L
(x(t)) — mingy f = @y ) 8 t — +oo
a>3: f(x)=|x|",r— +oo;
Optimal rate:
a<3: f(x)=]x|.
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(AVD),  X(t) + %)’((t) + VF(x(t)) = 0.

Temporal discretization, h step size, s = h?

1 0"
E(Xk+1 — 2xk + kal) + E(Xk — kal) + Vf(yk) =0.

Different choices for yj
o Explicit: yx = xx, Heavy Ball with Friction, Polyak
(HBF) xk+1 = xx + (1 — %) (xk — xk—1) — sV (xx).
o Implicit: yx = xkr1, Inertial Proximal algorithm, Giiler, Beck-Teboulle
(IP),  Xk+1 = proxg(xk + (1 — %) (xk — xk—1))-
@ Nesterov: yx = xx + (1 — %) (xk — xk—1) Inertial Gradient algorithm

(1G)a v =xk+ (1= %) (k — xk—1)

X1 = Yk — SV F(yx)-
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min {f(x): x € H}, f:H — R convex differentiable, S = argminf # (). J

Inertial Gradient algorithm, Nesterov (1983, 2004)

(1Q), Yk X+ (1— %) (% — Xk—1)

X1 = Yk —SVIF(yk)
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min{f(x): x € H}, f:H — RU{+oo} closed, convex, S = argminf # (). J

Inertial Proximal algorithm, prox(y) := argminecy{f(¢) + %y — £II°}

(1P),, Ye=xk+ (1= %) (% — Xk—1)

X1 = ProXer(yk).

H. ATTOUCH (Univ. Montpellier) Hessian driven damping



o f: H — R convex, C!, Vf L-Lipschitz continuous; 0 < s < %

e g:H — RU{+o00} convex, lower semicontinuous, proper.

(IPG)a Yk = Xk + (1 — %) (Xk — kal)

Xkt1 = Proxg (yk — sVF(yk))

o a=3: (f+g)>x)—miny(f+g)=0(%),
Nesterov (1983), Beck-Teboulle: FISTA (SIAM J. Imaging 2009).
@ a>3: (f+g)(x)—mingy(f+g)= o(%)7 Xk — Xoo € S,
Chambolle-Dossal (JOTA 2015), A.-Peypouquet (SIOPT 2016).
° a <3 (F+g)(x)—minu(f+g)=0 ().

Apidopoulos-Aujol-Dossal (Math Prog ’20), A.-Chbani-Riahi (COCV ’18)

4
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Convergence rate of the Inertial Proximal Gradient algorithm J

(IPG) Yk = Xk + (1 — %) (Xk = Xk—l)
Xk+1 — DProXgg (yk - Svf(}/k))
N p(e) = min (%,2)
0 3 «

1
(f+g)(xk) - mlnH(f+g) =0 (kp(ﬂ)) as k — —+00.

H. ATTOUCH (Univ. Montpellier) Hessian driven damping 15 /62



2. INERTIAL DYNAMICS
WITH
HESSIAN DRIVEN DAMPING
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Historical aspects

e (HBF)  X(t)+ Ix(t)+ VF(x(t)) =0.
I : H — H anisotropic, Alvarez (SICON 2000).
o DIN);  x(t) +x(t) + BV2F(x(t))x(t) + VF(x(t)) = 0.
Alvarez-A -Bolte-Redont (JMPA 2002), A -Maingé-Redont (DEA 2012).
o (DIN — AVD),, 5 X(t) + $x(t) + BV>f(x(t))x(t) + VF(x(t)) = 0.
A .-Peypouquet-Redont (JDE ’16), A.-Chbani-Fadili-Riahi (Math Prog ’20)

Related works

Shi-Du-Jordan-Su (arXiv:1810.08907, ’18), Lin-Jordan (arXiv:1912.07168, ’19)
Castera-Bolte-Févotte-Pauwels (hal-02140748, 2019),

Bot-Csetnek-Lészl6 (Math. Program., 2019),

Alecsa-Laszl6-Pinta (AMO ’20), Adly-A. (SIOPT 2020).
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Compare (AVD)

o

“with (DIN — AVD)

a,p

o f(x1,x) = %(xl2 + 1000x22): ill-conditioned.

e a=3138=1

o Initial conditions: (x1(1),x(1)) = (1,1), (x1(1), x2(1)) = (0,0).

500 .
— (AVD),

450 —— (DIN - AVD),.; |
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Link with the Newton method
o f convex, C2, solve Vf(x) = 0 by the Newton method.
o Vf(xk)+ V2f(xx)(xk+1 — xk) = 0.
o Continuous version: V2f(x(t))x(t) + VF(x(t)) = 0: Ill-posed.

e Levenberg-Marquardt regularization, v(t) > 0
F()x(t) + V2 (x(t))x(t) + VF(x(t)) = 0.

Well-posed: A.-Svaiter (SICON, 2011). Valid with a general
maximally monotone operator, closed loop form.

@ Dynamical Inertial Newton method

(DIN)  x(t) + v(t)x(t) + BVF(x(t))x(t) + VF(x(t)) = 0.
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(DIN — AVD), 4 ﬂn+%ﬂﬂ+ﬁV%UMMﬁﬂWﬁ&UD=0 J

Lyapunov analysis: A.-Peypouquet-Redont (JDE 2016) (APR for short)

Theorem (APR)

Let x : [to, +0o[— H be a solution trajectory of (DIN — AVD),, 5.
Suppose o > 3, 5 > 0. Then, as t — 400

f@ﬁ»—qrf:0<;>.

+oo
In addition, when [ > 0: / t2||VF(x(t))|*dt < +oo.

to

Lyapunov function: x* € argminyf, m = miny f = f(x*)

Eap(t) = t(t=PB) (F(x(£)) — m)+3[[(a—1)(x(t) —x*)+t (x(t) + BVF(x(1))) ||

v
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(DIN — AVD), , X(t)+ %X(t) + BVF(x(t)x(t) + VF(x(t)) = 0.

4

Lyapunov analysis
Eap(t) = t(t=PB) (F(x(t)) — m)+3[[(a—1)(x(t) —x*)+t (x(t) + BVF(x(1))) ||

<

Derivation of &, ()

bap(t)+ ((a=3)t = Bla—2)) (F(x(1)) - F(x")) + Be(t = BV F(X(B)II? < 0.

v

ea>3 t>t:=p22 = Eap(t) <0 de. E,p(-) decreasing.

Ve >t Eap(t) < Eapltt) = F(x(t) —mingy £ < S5 — 0(L).

e >0, integration = / 2|V F(x(t))|]2dt < +o0.
to
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(DIN — AVD), 5 X(t)+ %X(t) + BVEF(x(1)x(t) + VF(x(t)) = 0.

4

Theorem (APR)

Let x : [to, +oo[— H be a solution trajectory of (DIN — AVD),, 5.
Suppose that o« > 3, B > 0. Then, as t — +o0

i) x(t) = Xo0o € argminyf

i) F(x(t)) = ming f = o (:2) L I%(8) + BYF((8)]| = o (1> .

t

+00 Fee
fii ) / t (f(x(t)) - m?in f> dt < +o0, / t||x(t)||>dt < +oo.
to to

Proof: Lyapunov analysis via the anchoring functions

h.(t) = 3||Ix(t) — z||? (z € argminf), and Opial’s lemma.
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Perturbed dynamic, e : [ty, +oo[— H

(DIN — AVD) ., MU+%MH+BWHAMAU+VﬂAm:em.

Theorem (APR)

Let x : [to, +oo[— H be a solution trajectory of (DIN — AVD) ..

+00
Suppose that / t|le(t)]| dt < +o0. Then,

to

e >3 B>0: f(x(t))—mian:(9<t12> as t — +o00.

e a>3 >0 x(t)— xxo € argminyf as t — +oo.

+0o0
oa>3 >0 /‘ 2|V F(x())|[2dt < +oo.

to
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Strongly convex case

Theorem (ACFR)

Suppose that f : H — R is p-strongly convex for some p > 0.
Let x(-) : [to, +o0[— H be a solution trajectory of

K(t) + 20/7x(t) + BV (x(£)x(t) + VF(x(t)) =

Suppose that 0 < § < \f Then, for all t > tg

i) Slx(8) = x*2 < F(x()) = min f < CeF (),
where C := f(x(to)) — miny f + udist(x(to), S)? + || X(to) + BV F(x(t0))]/?.

t
) e—x/ﬁf/ V||V F(x(s))|2ds < Cre=Ft.
to

Moreover, [.° egtﬂk(t)ﬂzdt < 400.
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3. INERTTAL ALGORITHMS
with
HESSIAN DRIVEN DAMPING
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Inertial gradient algorithms with Hessian damping

A .-Chbani-Fadili-Riahi (Math. Program. 2020), (ACFR) for short
f:H — R convex, Vf L-Lipschitz continuous.

Temporal rescaling of (DIN-AVD)

x(t) + %k(t) + BV (x(t))x(t) + (1 + g) Vf(x(t)) = 0.

Temporal discretization: s = h?, V2f(x(t))x(t) = LV (x(t)).

S(Xk+1 — 2xk + xk—1) + %(Xk — Xk—1) + \Bf(Vf(Xk) Vi (xk-1))

+WVf(Xk_1) + Vf(yk) =0.
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%(Xk—&—l — 2x + Xk—l) + %(Xk = Xk_1) TF %(Vf(xk) = Vf(Xk_l))
+WVf(Xk—1) + Vf(y) = 0.

Choose yx ~ Nesterov’s accelerated gradient method, set ay =1 — ¢.

(IGAHD): Inertial Gradient Algorithm with Hessian Damping

Yk = Xk + ak(xk = Xk,1) = ,Bﬁ(Vf(Xk) = Vf(kal)) ﬁ\[Vf(Xk 1)

Xk41 = Yk — SV (yx)-

Related algorithm: Shi-Du-Jordan-Su (arXiv 2018).
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Lyapunov analysis, x* € argminyf, t; = “—.
Ex = R (F(xi) — F(<*) + 25 lvi®

Vi = (X1 — X*) + (Xk — Xk—1 T+ ﬁ\/gi(kal))

Theorem (ACFR, 2019)

o f:H — R convexr, Vf L-Lipschitz continuous, argminyf # ().
e >3 0<f<2ys,sL<1.
(xk)ken generated by (IGAHD). Then (Ek)ken is non-increasing and

i) f(xk) — mr}_ilnf =0 (k12> ask — 4o00;

i)Y KIVAy)IP < 400 and > K| V(x> < +oo.
k k
i) If o > 3, then (xx) converges weakly to some x* € argminyf.
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H. ATTOUCH (Univ. Montpellier)

Reinforced version of the gradient descent lemma.
Since s < %, f convex, and Vf is L-lipschitz continuous,

fy—sVf(y)) < f(x)+(VE(y).y —X)—%HVf(y)Hz—%HW(X)—W(Y)Hz-J

Write it successively at y = y, and x = xi, then at y = y,, x = x*.

f(xr1) < Flx) + (Vi) yie — xi) — %HVf(Yk)Hz - %HVf(xk) - v’r()//<)||2
F(Xesn) < FOC) + (V) = x7) = SIVFII = S IV ()P
Linear combination of the two above equations gives
tera (FOkn) = F(X7)) < (8241 — tin — 8)(FOx) — F(X7)) + 8 (F () — F(x7))
e (V) (B = D0k = %) + e = x7) = 2t VA
— 2 (e = bc)lIVFCa) = VAW = St IV A0

Since «« > 3 we have tl%+1 — btk — t,% <0...

Hessian driven damping



Strongly convex case

f : H — R p-strongly convex, Vf is L-Lipschitz continuous.

X(t) + 2y/mx(t) + BV (x(t))x(t) + VF(x(t)) = 0.

Explicit time discretization with centered finite differences

i(xk+1—2xk—|—xk_1)+\\/['Z(Xkﬂ—xk 1)+ﬁ\/—(Vf(Xk) Vi(xk-1))+Vf(xx) =0.

Xip1 = X+ 10 (x4 — xh—1) — 122 (V) — VF(xk—1)) — === VI ()
/s +r +\ﬁ

Theorem (ACFR)

1 Vi _ R+ 1 1
'BS\/_E7 LSmln{@,m}Setqzm,ezm

(i) xk—x*[| = O (¢*?) and f(xx)—miny f = O (q*) as k — +cc.

(if) 0% S_h=5 07|V F(x)[[2 = O (q¥) as k — +oo.
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Nonsmooth convex case

f:H — RU{+o0} p-strongly convex.
Idea: replace f with its Moreau envelope.
Preserves the infimal value and the solution set.

Proximal calculus (Bauschke-Combettes)
e f u-strongly convex = f, strongly convex with modulus ﬁ
o VA() = 1 (x — proxy(x)).

e proxys (x) = )\%ﬂgx + )\Ljﬂgprox(k_i_g)f(x).

Y= x+ (1 — a)(xk — xu—1) + 25 (1 — a) (i — proxye(x))

A 0
Xk+1 = 33gYk T 535 PTOX(A40)F (Vk)-

Similar type of convergence rates.
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4. NUMERICAL EXPERIMENTS
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Regularized Least Square (signal/ image, machine learning, statistics)

(RLS) ~ min {f(x) = %HAX — b|? +g(x)}

RN

e A linear operator from R"” to R™, m < n, b € R™.

e g:R"— RU{+o0} Isc. convex: regularizer.

Work with the metric ||x||3, = (Mx, x), where M = \71] — A*A. J

0 < A||A||? < 1 = M is symmetric positive definite.
Apply (IGAHD) to fM: Moreau envelope of f in the metric M
fM(x) := mingern { £(&) + 3lIx — &lI3,} - J

fM is convex C'; VFM (in the metric M) is 1-Lipschitz, and

VM(x) = x — prox,, (x — AA*(Ax — b)) .
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(IGAHD) for (RLS)
Initialize: xg € R", x; € R”
Zk = Xk — ProxXyg(xk — AA*(Axk — b));
Yk =Xk + (1= §)(xx — xk—1) — Bv/S(zk — zk-1) — B\kﬁzk;

Xkr1 = Yk — 5 (Y& — Proxyg(yk — AMA*(Ayk — b))) .

Theorem (ACFR, 2019)
Assumptions: 0 < A|A|3 <1, a>3,0<8<2y/s,s<1.
Let (xk) be generated by (IGAHD) for (RLS). Then,

f(proxM(xx)) — miny f = O(k=2), >, K2||VF(xx)|* < +o0,

where proxy!(xi) 1= prox,, (xk — AA*(Axi — b)).
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Lasso:
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Group Lasso:
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TV (total variation):
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Nuclear norm:
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5. RELATED SYSTEMS
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1. First-order in time and space equivalent formulation

Alvarez-A .-Bolte-Redont (JMPA 2002), A.-Peypouquet-Redont (JDE 2016)

x(t) + %)’((t) + BV2f(x

—~~

t))x(t) + Vf(x(t)) = 0.

x(t) + BVF(x(t)) — (% _ %) x(t) + Ly(1) = 0;

e Nonsmooth: f: H — R U {400} nonsmooth, (non) convex, proper.
e Damped shocks in mechanics: A.-Maingé-Redont (DEA 2012).
e Numerical applications (temporal discretization):

Castera-Bolte-Févotte-Pauwels (Deep Learning) (HAL 2019).
Maingé-Labarre (Fast convergence results, 2020).
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2. Alecsa-Laszl6-Pinta dynamic model (AMO 2020).

x(t) + %k(t) 4 Vf(x(t) + (v + g)k(t)) =0.

o Implicit (DIN-AVD): Taylor expansion as t — +oo, x(t) — 0,

VF(x(0)+ (- Dx(0) = VA + (3 + DT

x(t) + VF(x(t)) + B(t)V2F(x(t))x(t) = 0.

x(t) + 7

e Explicit temporal discretization — Nesterov accelerated gradient.

e Fast convergence rates:
F(x(6) + (7 + D)%(8)) = min £ = O ().
o t2||Vf(x(t) +(v+ é))’((t)) I2dt < +oc.
e Muehlebach-Jordan (arXiv:1905.07436v1, 2019).
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3. Dry friction with Hessian damping, Adly-A. (SIOPT 2020)
x(t) + yx(t) + 0p(x(t)) + BV (x(1))x(t) + VF(x(t)) > 0. J

¢ H — R convex, sharp minimum at the origin, (¢(x) = r||x||);

f : H — R differentiable, not necessarily convex, Vf L-Lipschitz.
Inertial Proximal-Gradient Algorithm

Yk = M(Xk - Xk—l) 1+h7(Vf(Xk) Vf(Xk_l)) — ﬁVf(Xk)
Xkt1 = Xk + hproxﬁgb(yk).

Suppose v > L (4 + ). Then,
o Finite length: S°7% [xka1 — xkl| < 400, limk_yo0 Xk 1= Xoo -
e Approximate critical point: —Vf(xx) € 9¢(0).
e Geometric convergence if —Vf(xx) € int(9¢(0)).

e Tolerates errors not converging to zero: |lex|| < r' <r.
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6. MONOTONE INCLUSIONS.
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Convergence of inertial dynamics for monotone inclusions J

A : H — 2" maximally monotone, Jyp = (I + AA) ™!, Ay = (1= Ja).
Claim: x(t) — xoo € A7(0) as t — +oo in the following cases:

A:H — H A-cocoercive, Ay? > 1, Alvarez-A. (2001), A.-Maingé (2011)

X(t) +yx(t) + A(x(t)) = 0.

A:H — 2" general maximally monotone operator

2
@ A.-Peypouquet (Math. Program. 2019), a > 2, A(t) = (1 + e)%.
X(t) + §x(t) + Ay (x(t)) = 0.
@ A.-Laszlé (STIOPT 2020) a > 1, B >0, A(t) = AMt?, A > ﬁ.

$(8) + 25(0) + B (A (x(2))) + Axgo(x(1) = 0.
Rate of convergence ||x(t)|| = o(1/t).
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Proximal Regularized Inertial Newton Algorithm for Monotone operator

(1) + $x(8) + B g (A (x(1))) + Axn (x(t)) = 0

Implicit finite-difference scheme: t, = kh, xk = x(t), A = AM(t), ax =1 — ¢.

& (k1 — 250 +xu—1) + 15 (k= xk—1) + 5 (A, (x6) = Ax_y (k1)) + A,y (Xk41) = 0.

Yk = (1—5()\—1 )\kll))xk‘f‘( )\f_l)(Xk_Xk—l)
(PRINAM) +,6’( Inealxic) = klilj)\k,lA(kal))

Ak+1
=y
Ak+1+S

S ( )
X = .
k+1 + e SJ()\k+1+s)A Yk

Relaxed proximal inertial algo: A.-Cabot (MP ’19), A.-Peypouquet (MP ’19).
A=0f, f:H — RU{+o00} convex lower semicontinuous proper.
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Geometric interpretation of (PRINAM) J

lim)— 400 Jxax = projs(x). Hence J(k+1+s)A(}/k) — Yk ~ projs(yk) — Y-
But only a small step in this direction.

Xk—1
Xk

o Yk = extrapolation + correction
X1 = Ykt sors g rsalve) — yi)

(Akt1 —l—s)A(Yk)

Figure: (PRINAM) algorithm

H. ATTOUCH (Univ. Montpellier) Hessian driven damping



Theorem (A.-Lészl6 (SIOPT 2020))

Assumption A H — 2" mazimally monotone, S = A~1(0) # ().

ak*tkl tk =rk+q,r >0,9 €R and

Ak = AK2 with A > BEEEC

Then, for any sequences (xk), (yk) generated by (PRINAM)

i) The speed (xk41 — xk)k21 tends to zero, and
HXk—i-l = Xk|| =0 (%) as k — +00, ZkZZ k”Xk — Xk_1||2 < +o0

a0l = o 3z ) a3 k> o0, S KA (I <+
k>1

ii) The sequence (xx) converges weakly to some X € S, as k — +oo.

iii) The sequence (yk) converges weakly to X € S, as k — +00.
llyk — k|| = (%) and so yx — xx converges strongly to zero.
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7. PERSPECTIVE, OPEN QUESTIONS
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TAKE AWAY MESSAGE

@ A dynamic perspective on accelerated optimization algorithms
with viscous and Hessian-driven damping;

@ The key is inertia;
@ A unified analysis of convergence and integrability;

e New provably accelerated algorithms without explicit Hessian
construction.

e Hessian geometric damping neutralizes oscillations; get the best of
both world.

e Convergence of trajectories and iterates (Yes);
e Faster asymptotic convergence rates (Yes);
e Inexact/stochastic case (ongoing);

@ Operator splitting.

H. ATTOUCH (Univ. Montpellier) Hessian driven damping 49 / 62



Some open questions concerning Nesterov algorithm

e = X+ (1—=%) O —xe-1)

Xkr1 = yk —sVF(y)

Convergence of the iterates in the critical case o = 37
Optimal tuning of the parameter o > 37

The sequence (yx) follows the Ravine method. Is is possible to
obtain 1/k? rate of convergence with the Ravine method?

Is is possible to obtain 1/k? rate of convergence with autonomous
dynamic/algorithms?
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THANK YOU FOR YOUR ATTENTION

ANY QUESTIONS?
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Annex 1. The Ravine method J

In Nesterov accelerated gradient, (yx) follows the Ravine method.

(1G). Yo = X+ (1—%) (% — xk—1)

Xk+1 = Yk —SsVIF(yk)

Y+l = Xk1 + (1 - k%l) (Xkt+1 — X«)
=y = sV + (1 231) Ok = V) = (et = sVF (1))

=yt (1= 31) 0= yi1) = s9F () — s (1= 225 ) (VF) = V(1))

Ak = yk —sVIF(y)

(Ravine),
Ykl = At <1 - ;%rl) (Ak — Ak-1) -
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Ravine method: Gelfand, Tsetlin (1961), Nesterov (1983), Polyak (’18).

5/— argmmf

Shi-Du-Jordan-Su (2018): High-resolution ode, arXiv:1810.08907v3.
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Annex 2. General coefficients

X(t) +y(£)x(t) + B)VAF(x(1))x(t) + b(t)VF(x(t)) = 0.
Theorem (A.-Bahlag-Chbani-Riahi,(EECT)), hal-02940534.

Let x : [tg, +oo[— H be a solution trajectory of
4(1) + 2x() + BVAF(x()X(0) + (£ + d(6)t*—2) V(x(£) = 0
where d(-) is a nonincreasing positive function. Then,
a) f(x(t)) —minf =0O (%) as t — 4o0;
H te—1d(t)
b) /:OO —d(t)t*H(F(x(t)) — inf £)dt < +o0;

c)/t oL (8)|VF(x(£)) [2dt < +o0.
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