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Optimal transport framework Sliced Wasserstein projection Applications

Application to Color Transfer

Source image (X )

Style image (Y )

Sliced Wasserstein projection of X to style
image color statistics Y

Source image after color transfer

J. Rabin Wasserstein Regularization

! images, vision, graphics and machine learning, . . .
Probability distributions and histograms
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Parametric model: ✓ 7! ↵✓
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<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="> </latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="> </latexit>

Unsupervised learning
<latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit><latexit sha1_base64="PQ48/yJ72Qt3QDk67p2nM8iH9/o="></latexit>
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<latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit><latexit sha1_base64="9IYkKnkiR+VYnIAjCg9CiCnhkKw="></latexit>

Density fitting:
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D<latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit><latexit sha1_base64="En29q3ecu/nX/NfwIdPFRQv7C4M="></latexit>



3. Sinkhorn Divergences
<latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit>

x
<latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit>

d(x
, y)

<latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit>

y
<latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit>

X
<latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit>

4. Application to
<latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit>

Generative Models
<latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit>

g✓ µ✓

X
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2. Entropic
<latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit>

Regularization
<latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit>

1. Optimal Transport
<latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit>



Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>



Monge optimal matching:
<latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit>
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�

nX

i=1

d(xi, y�(i))
<latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit>
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ge
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<latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit>

Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>



Monge optimal matching:
<latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit>

min
�

nX

i=1

d(xi, y�(i))
<latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit>

[M
on

ge
1784]

<latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit>

Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

! Seems intractable: n! possibilities.
<latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit>



Monge optimal matching:
<latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit>

min
�

nX

i=1

d(xi, y�(i))
<latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit>

[M
on

ge
1784]

<latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit>

Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

! Seems intractable: n! possibilities.
<latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit>

Di↵erent
<latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit>

# points?
<latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit>

Weights?
<latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit>



“Relax”
<latexit sha1_base64="BClfKM4gUkA1T4po7jKcpcivmyY="></latexit><latexit sha1_base64="BClfKM4gUkA1T4po7jKcpcivmyY="></latexit><latexit sha1_base64="BClfKM4gUkA1T4po7jKcpcivmyY="></latexit><latexit sha1_base64="BClfKM4gUkA1T4po7jKcpcivmyY="></latexit>

points ! mass
<latexit sha1_base64="3JMZnJ1bdPsgqCoSU5nqTCC/x40="></latexit><latexit sha1_base64="3JMZnJ1bdPsgqCoSU5nqTCC/x40="></latexit><latexit sha1_base64="3JMZnJ1bdPsgqCoSU5nqTCC/x40="></latexit><latexit sha1_base64="3JMZnJ1bdPsgqCoSU5nqTCC/x40="></latexit>

permutation ! coupling
<latexit sha1_base64="WezpnGDm8MR+akvKFq4xCPgQJQE="></latexit><latexit sha1_base64="WezpnGDm8MR+akvKFq4xCPgQJQE="></latexit><latexit sha1_base64="WezpnGDm8MR+akvKFq4xCPgQJQE="></latexit><latexit sha1_base64="WezpnGDm8MR+akvKFq4xCPgQJQE="></latexit>

=)
<latexit sha1_base64="xdfTyQWLwZu2WsDYjU4CSRmZF7c="></latexit><latexit sha1_base64="xdfTyQWLwZu2WsDYjU4CSRmZF7c="></latexit><latexit sha1_base64="xdfTyQWLwZu2WsDYjU4CSRmZF7c="></latexit><latexit sha1_base64="xdfTyQWLwZu2WsDYjU4CSRmZF7c="></latexit>

Monge optimal matching:
<latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit><latexit sha1_base64="cXrrsZJZuxRia1oYbgE1ijicFzU=">AABE+XictVzbchxJES0vt8XcvPDAAy+9aE14CWMksQQEG0SsrZFlrWVb9oxk71q2o2emNWq7Z3o8F/kyq48heCEIeOID+A4+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9rdcZZOZ+vr/7jw3te+/o1vfuv9b1/8zne/9/0fXPrgh4fTfD7pJQe9PMsnj7rxNMnSUXIwS2dZ8mg8SeJhN0sedl9s4fOHp8lkmuajzuzNOH </latexit>

min
�

nX

i=1

d(xi, y�(i))
<latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit><latexit sha1_base64="rWofwBmKZkkiO+dviLDag5qdOSc="></latexit>

[M
on

ge
1784]

<latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit><latexit sha1_base64="UVBrgZLymtr0d1RvatLpsl9X7ek="></latexit>

Monge’s Problem

Points (xi)i, (yj)j

Permutation:
<latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit><latexit sha1_base64="C1grZz5u/ZOk03chPUj9E6ry+Og="></latexit>

� : {1, . . . , n} ! {1, . . . , n}
<latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit><latexit sha1_base64="rwjbAUa1onhosC6ycHKDBZaEp2s="></latexit>

�
<latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit><latexit sha1_base64="rOqh5GGF2Ex4biWfDDEmNwhtNjk="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

! Seems intractable: n! possibilities.
<latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit><latexit sha1_base64="02FOvhOy/GhQCDXPEMLFjdkP0cA="></latexit>

Di↵erent
<latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit><latexit sha1_base64="dJo6fEp8ONhbyGY3ezjIgNew/58="></latexit>

# points?
<latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit><latexit sha1_base64="nhcG1OepPa6WUUzd5nSsaNASzm8="></latexit>

Weights?
<latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit><latexit sha1_base64="5Lzik2I5ZYoJk4PP4Sllyq31WzE="></latexit>



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1 b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit>

P
j Pi,j = ai

<latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit>

P
i Pi,j = bj

<latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit>

P > 0, P1m = a,P>1n = b
<latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>



Kantorovitch’s Formulation
↵ =

Pn
i=1 ai�xi

� =
Pm

j=1 bj�yj

Points (xi)i, (yj)j

Weights ai > 0, bj > 0.
Pn

i=1 ai =
Pm

j=1 bj = 1 b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

Couplings:
<latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit><latexit sha1_base64="MCNqjwUgnSKqr3h3uG6OPk9oPyc="></latexit>

P
j Pi,j = ai

<latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit><latexit sha1_base64="KRRQ9Jc1N2OBTlvgeiLek6egKeg="></latexit>

P
i Pi,j = bj

<latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit><latexit sha1_base64="ZXanzILtBAQk9hnkf/TVP7XZdtk="></latexit>

P > 0, P1m = a,P>1n = b
<latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit><latexit sha1_base64="Lc2tGpvkcR11blouXtrXh1kQh+8="></latexit>

xi
<latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit><latexit sha1_base64="vVhDrmTrRMQleubxz6N7rwHmVII="></latexit>

yj
<latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit><latexit sha1_base64="lHCrrCdLriSUoJxIcVw6BefNKNo="></latexit>

d(xi, yj)
<latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit><latexit sha1_base64="p7cKh0q2Fy0W3wTGM7dSK/tQrAw="></latexit>

Discrete distributions:
<latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit><latexit sha1_base64="mdlENPIKtv1PnSOEu/s/cH99nYI="></latexit>

[Kantorovich 1942]

min
P

nP
i,j d(xi, yj)pPi,j ;

o

<latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit><latexit sha1_base64="JkXlHLzIqeiynfHq++WV21uVlOE="></latexit>

George 
Dantzig

Leonid 
Kantorovitch



Optimal Transport Distances
Wp(↵,�)

def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>



Optimal Transport Distances
Wp(↵,�)

def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

min
⇡2M1

+(X 2)

⇢Z

X 2

d(x, y)pd⇡(x, y) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

�

↵
⇡

<latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit>

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>



Optimal Transport Distances

vs.
<latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit>

. . .�x1
<latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit>

�x2
<latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit>

�x3
<latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit>

�x
<latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit>

||�xn � �x||1 = 2
<latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit>

Wp(�xn , �x) = d(xn, x)
<latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit>

,
<latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit>

8 f 2 C(X ),
<latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit>

R
X fd↵n !

R
X fd�

<latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit>

↵n * �
<latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit>

Convergence in law:
<latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit>

Wp(↵,�)
def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

min
⇡2M1

+(X 2)

⇢Z

X 2

d(x, y)pd⇡(x, y) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

�

↵
⇡

<latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit>

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>



Optimal Transport Distances

Theorem:
<latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit><latexit sha1_base64="cHzNFJNn6IKb0rmopfqU8lH/agk="></latexit>

Wp is a distance and
<latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit><latexit sha1_base64="T522koQJWW4s/PQ6LrXts7xyFXs="></latexit>

↵n * � , Wp(↵n,�) ! 0
<latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit><latexit sha1_base64="WQok2bKDJeg5qX4mzOisrJyO5D8="></latexit>

vs.
<latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit><latexit sha1_base64="u88Yh1q8PjSeXqagXZXQIMevzlk="></latexit>

. . .�x1
<latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit><latexit sha1_base64="Y2uDe1Ak1Da9aU5Qe5i1i1OuyPg="></latexit>

�x2
<latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit><latexit sha1_base64="13c30unxT5m0SXLJ4y16qYe2NmE="></latexit>

�x3
<latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit><latexit sha1_base64="cCIO3IYKoaYaiYK4HnGaZI8Emrc="></latexit>

�x
<latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit><latexit sha1_base64="Z3QQOkpWD12i6BG9JOYqvebWG3s="></latexit>

||�xn � �x||1 = 2
<latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit><latexit sha1_base64="Iaq3mbirAEh6zcC4R4ECZTExtSk="></latexit>

Wp(�xn , �x) = d(xn, x)
<latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit><latexit sha1_base64="7dqIYpYOkpu3LI9PWxplzTYpMOA="></latexit>

,
<latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit><latexit sha1_base64="UZGV38R0iKogEEuM0QpX/cqO9EM="></latexit>

8 f 2 C(X ),
<latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit><latexit sha1_base64="fF5DAvp36zWjl7BQVY7KATvgaFM="></latexit>

R
X fd↵n !

R
X fd�

<latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit><latexit sha1_base64="37Ke5PpoHgoA4O9oXfi6n5HcHyg="></latexit>

↵n * �
<latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit><latexit sha1_base64="U0GVR/6CttHrp/Fuy5L8WQi3+Sg="></latexit>

Convergence in law:
<latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit><latexit sha1_base64="6Mn7thoyR+j5RyISUd0ij0FV4mo="></latexit>

Wp(↵,�)
def.
=

<latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit><latexit sha1_base64="ZLn74A+pY2ZqHm9oqSjbdpXOK7s="></latexit>

min
⇡2M1

+(X 2)

⇢Z

X 2

d(x, y)pd⇡(x, y) ; ⇡1 = ↵,⇡2 = �

�

<latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit><latexit sha1_base64="APWSig+awIfKy9QsZhjKBtTZMN0="></latexit>

b
<latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit><latexit sha1_base64="LhlbHqBkrxCDCHirUc/UdkhSooo="></latexit>

a
<latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit><latexit sha1_base64="8Zo6jhgi36Xza4qa7aLLE5GMJlQ="></latexit>

P
<latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit><latexit sha1_base64="n2zdOYSE8oWxrpoEULZvL+5/PUM="></latexit>

�

↵
⇡

<latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit><latexit sha1_base64="41JmsYGA81vfUezwSfJzSu9tJV4="></latexit>

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>
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Algorithms
Linear programming: O(n3 log(n)2)

Hungarian/Auction: O(n3)

� = 1
n

Pn
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↵ = 1
n

Pn
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↵

�

↵

�

� ↵ �
1-D case: sorting O(n log(n)).

p = 1
d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>



Monge-Ampère/Benamou-Brenier, d = || · ||22.

Algorithms
Linear programming: O(n3 log(n)2)

Hungarian/Auction: O(n3)

� = 1
n
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�
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d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>



Monge-Ampère/Benamou-Brenier, d = || · ||22.

Semi-discrete: Laguerre cells, d = || · ||22.

Algorithms
Linear programming: O(n3 log(n)2)

Hungarian/Auction: O(n3)

� = 1
n

Pn
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n

Pn
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↵

�

↵

�

� ↵ �
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d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>
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� = 1
n

Pn
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↵

�

↵

�
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p = 1
d = || · ||
! min-cost flow, on graphs O(n2 log(n)).

W1(↵,�) = min
div(u)=↵��

R
||u(x)||dx

<latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit><latexit sha1_base64="XsMmew57Vi3OsYPHSHUGZ9XmUqw="></latexit>

Need for fast approximate algorithms for generic d(x, y).
<latexit sha1_base64="fOAyhtliJDqrQRG9kmDwRglSN1Y="></latexit><latexit sha1_base64="fOAyhtliJDqrQRG9kmDwRglSN1Y="></latexit><latexit sha1_base64="fOAyhtliJDqrQRG9kmDwRglSN1Y="></latexit><latexit sha1_base64="fOAyhtliJDqrQRG9kmDwRglSN1Y="></latexit><latexit sha1_base64="fOAyhtliJDqrQRG9kmDwRglSN1Y="></latexit>



3. Sinkhorn Divergences
<latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit>

x
<latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit>

d(x
, y)

<latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit>

y
<latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit>

X
<latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit>

4. Application to
<latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit>

Generative Models
<latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit>

g✓ µ✓

X

⇣

2. Entropic
<latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit>

Regularization
<latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit>

1. Optimal Transport
<latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit>



Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)

<latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit>



Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

↵

�

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)

<latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit>



Entropic Regularization

Schrödinger’s problem: [1931]

Erwin 
Schrödinger

↵

�

⇡ =
P

i,j Pi,j�xi,yj
<latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit><latexit sha1_base64="MwJI4GAby1QHrgL6rCgc8ZFj3mM="></latexit>

"

↵

�

⇡"
<latexit sha1_base64="GFDRy6M/TlDbNJvkPgJDOhXXs88="></latexit><latexit sha1_base64="GFDRy6M/TlDbNJvkPgJDOhXXs88="></latexit><latexit sha1_base64="GFDRy6M/TlDbNJvkPgJDOhXXs88="></latexit><latexit sha1_base64="GFDRy6M/TlDbNJvkPgJDOhXXs88="></latexit><latexit sha1_base64="GFDRy6M/TlDbNJvkPgJDOhXXs88="></latexit>

min
P1=a,P>1=b

P
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j)

<latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit><latexit sha1_base64="lE/k9lOb2WQUJfFwSPAJCPXHvR8="></latexit>



Sinkhorn’s Algorithm

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

Ki,j
def.
= e�

d(xi,yj)
p

"
<latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="+2swvmn1CRFRsgsGG2A0werotFo="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit>

min
P

nP
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a,P>1 = b

o

<latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit>

Pi,j = ui Ki,j vj
<latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit>



Sinkhorn’s Algorithm

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

Ki,j
def.
= e�

d(xi,yj)
p

"
<latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="+2swvmn1CRFRsgsGG2A0werotFo="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit>

min
P

nP
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a,P>1 = b

o

<latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit>

P = diag(u)K diag(v)
<latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit>

a = P1 = diag(u)(Kv) = u� (Kv)
<latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit>

=)
<latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit>

Pi,j = ui Ki,j vj
<latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit>



Sinkhorn’s Algorithm

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

u� (Kv) = a
<latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="xdldN1QwoU6g0JBlxgDQggJNTnU="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit>

v� (K>u) = b
<latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit>

Ki,j
def.
= e�

d(xi,yj)
p

"
<latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="+2swvmn1CRFRsgsGG2A0werotFo="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit>

min
P

nP
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a,P>1 = b

o

<latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit>

P = diag(u)K diag(v)
<latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit>

a = P1 = diag(u)(Kv) = u� (Kv)
<latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit>

=)
<latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit>

Pi,j = ui Ki,j vj
<latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit>



Sinkhorn’s Algorithm

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

u� (Kv) = a
<latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="xdldN1QwoU6g0JBlxgDQggJNTnU="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit>

v� (K>u) = b
<latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit>

Theorem: [Sinkhorn 1964]
<latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit>

(u,v) converges.
<latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit>

u a

Kv
<latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit>

v b

K>u
<latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit>

Ki,j
def.
= e�

d(xi,yj)
p

"
<latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="+2swvmn1CRFRsgsGG2A0werotFo="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit>

min
P

nP
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a,P>1 = b

o

<latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit>

P = diag(u)K diag(v)
<latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit>

a = P1 = diag(u)(Kv) = u� (Kv)
<latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit>

=)
<latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit>

Pi,j = ui Ki,j vj
<latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit>



Sinkhorn’s Algorithm

Proposition:
<latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit><latexit sha1_base64="CAr6Lw+hs0edXn6cKgSuWJP1qY0="></latexit>

u� (Kv) = a
<latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="0tr66ho5RmqbHjRupaTbkUYSLws="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="d4O7ncAhwEyhYw9YrmtCGvEalRs="></latexit><latexit sha1_base64="xdldN1QwoU6g0JBlxgDQggJNTnU="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit><latexit sha1_base64="L0a9yaq7SoDrCaDqUKFsvOMilSM="></latexit>

v� (K>u) = b
<latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit><latexit sha1_base64="UEfo0q7/awH1ZlqoxebmYfYkUMI="></latexit>

Theorem: [Sinkhorn 1964]
<latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit><latexit sha1_base64="gcU/kHyZLcweAP0wHsiW13HNtBs="></latexit>

(u,v) converges.
<latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit><latexit sha1_base64="5i6a5qsfYXSBSpPEe0cUnusBhQc="></latexit>

u a

Kv
<latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit><latexit sha1_base64="6C5gMXFVRFZSm5qyVFBDrcjtTLs="></latexit>

v b

K>u
<latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit><latexit sha1_base64="c65tFjuRWb0VgfFjoHmUj+uQL6Q="></latexit>

Ki,j
def.
= e�

d(xi,yj)
p

"
<latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="qLEM42E0XUUrZFln+j/fc0q1b0g="></latexit><latexit sha1_base64="+2swvmn1CRFRsgsGG2A0werotFo="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit><latexit sha1_base64="TzmMHppjQPGpkFJfRm72fbNVqls="></latexit>

min
P

nP
i,j d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a,P>1 = b

o

<latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit><latexit sha1_base64="tQGZ+FtykZ5fhP2XyYtnLKz3TZM="></latexit>

! Convolution on regular grids, separable kernels.
<latexit sha1_base64="VSlF+Rn5yEcfLOicilDWxY4eMxI="></latexit><latexit sha1_base64="VSlF+Rn5yEcfLOicilDWxY4eMxI="></latexit><latexit sha1_base64="VSlF+Rn5yEcfLOicilDWxY4eMxI="></latexit><latexit sha1_base64="VSlF+Rn5yEcfLOicilDWxY4eMxI="></latexit><latexit sha1_base64="VSlF+Rn5yEcfLOicilDWxY4eMxI="></latexit>

! Parallelizable on GPUs.
<latexit sha1_base64="CwxDT3eySXsGi91QyQP8+7DZ8Cw="></latexit><latexit sha1_base64="CwxDT3eySXsGi91QyQP8+7DZ8Cw="></latexit><latexit sha1_base64="CwxDT3eySXsGi91QyQP8+7DZ8Cw="></latexit><latexit sha1_base64="CwxDT3eySXsGi91QyQP8+7DZ8Cw="></latexit>

Matrix/vector multiplications: ! O(n2
/"

2) complexity.
<latexit sha1_base64="I3AjDSSV59STpr3f22wEYBTkxd8="></latexit><latexit sha1_base64="I3AjDSSV59STpr3f22wEYBTkxd8="></latexit><latexit sha1_base64="I3AjDSSV59STpr3f22wEYBTkxd8="></latexit><latexit sha1_base64="I3AjDSSV59STpr3f22wEYBTkxd8="></latexit>

P = diag(u)K diag(v)
<latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit><latexit sha1_base64="VSmNhdQ9or4pXCDzkM6UsvN5TRc="></latexit>

a = P1 = diag(u)(Kv) = u� (Kv)
<latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit><latexit sha1_base64="f1vsAU4+B2UuYJmxOUvymCqhaFc="></latexit>

=)
<latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit><latexit sha1_base64="xaKxkjYE4m2ag9VzAshPwE6xv0U="></latexit>

Pi,j = ui Ki,j vj
<latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit><latexit sha1_base64="tM9ZoNF+/Iw0I2pZoWiOJ0AgbhI="></latexit>



[Solomon et al, SIGGRAPH 2015]

Wasserstein Barycenters

Martial Agueh

P
s �s = 1

<latexit sha1_base64="gp0r7NFFOnEdlcEkqhldMsRdXkA="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit>

<latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="NrvueCyY/slmsn9VM3LdPoErJ0w="></latexit>

Guillaume Carlier↵2
<latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit>

Barycenters of measures (↵s)s:
<latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit>

�? 2 argmin
�

P
s �sW

p
p(↵s,�)

<latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit>

↵1
<latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit>

↵3
<latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit>

�?
<latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit>



[Solomon et al, SIGGRAPH 2015]

Wasserstein Barycenters

Martial Agueh

P
s �s = 1

<latexit sha1_base64="gp0r7NFFOnEdlcEkqhldMsRdXkA="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit>

<latexit sha1_base64="drqq0MIUCw86JX5P2WCf1T0ngFY="></latexit><latexit sha1_base64="NrvueCyY/slmsn9VM3LdPoErJ0w="></latexit>

Guillaume Carlier↵2
<latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit><latexit sha1_base64="70KW2R/z064lRPY5iuKzB5+V95U="></latexit>

Barycenters of measures (↵s)s:
<latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit><latexit sha1_base64="Ri7+MO6CS1QKxb1zhcHdco9+sVM="></latexit>

�? 2 argmin
�

P
s �sW

p
p(↵s,�)

<latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit><latexit sha1_base64="KBCFUfxn3FcWJnkj3ybNdA7NYNE="></latexit>

↵1
<latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit><latexit sha1_base64="eSLsnuXrHNf07Ob2qNfr2kf8vQ0="></latexit>

↵3
<latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit><latexit sha1_base64="1Zqo1S7zTNNrNS+5scqUbBtNmy4="></latexit>

�?
<latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit><latexit sha1_base64="Gr8xgjguOJd/5K8anWtk4Or9cLs="></latexit>

Sinkhorn’s algorithm:
<latexit sha1_base64="l7qMe4HkMYc3WhN2oz6mIITRoPQ="></latexit><latexit sha1_base64="l7qMe4HkMYc3WhN2oz6mIITRoPQ="></latexit><latexit sha1_base64="l7qMe4HkMYc3WhN2oz6mIITRoPQ="></latexit><latexit sha1_base64="l7qMe4HkMYc3WhN2oz6mIITRoPQ="></latexit><latexit sha1_base64="l7qMe4HkMYc3WhN2oz6mIITRoPQ="></latexit>

✓
us  

as
Kvs

◆

s
<latexit sha1_base64="8MFvhq9k3akBZXIwntjL/P+MS+A="></latexit><latexit sha1_base64="8MFvhq9k3akBZXIwntjL/P+MS+A="></latexit><latexit sha1_base64="8MFvhq9k3akBZXIwntjL/P+MS+A="></latexit><latexit sha1_base64="8MFvhq9k3akBZXIwntjL/P+MS+A="></latexit><latexit sha1_base64="8MFvhq9k3akBZXIwntjL/P+MS+A="></latexit>

✓
vs  

b

K>us

◆

s
<latexit sha1_base64="GjffTDkgyExbCRDuz5al0SkUWdY="></latexit><latexit sha1_base64="GjffTDkgyExbCRDuz5al0SkUWdY="></latexit><latexit sha1_base64="GjffTDkgyExbCRDuz5al0SkUWdY="></latexit><latexit sha1_base64="GjffTDkgyExbCRDuz5al0SkUWdY="></latexit><latexit sha1_base64="GjffTDkgyExbCRDuz5al0SkUWdY="></latexit>

b 
Q

s(K
>us)�s

<latexit sha1_base64="NkAuwyqS42kteEC2qNNkREa1ZLs="></latexit><latexit sha1_base64="NkAuwyqS42kteEC2qNNkREa1ZLs="></latexit><latexit sha1_base64="NkAuwyqS42kteEC2qNNkREa1ZLs="></latexit><latexit sha1_base64="NkAuwyqS42kteEC2qNNkREa1ZLs="></latexit><latexit sha1_base64="NkAuwyqS42kteEC2qNNkREa1ZLs="></latexit>



3. Sinkhorn Divergences
<latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit>

x
<latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit>

d(x
, y)

<latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit>

y
<latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit>

X
<latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit>

4. Application to
<latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit>

Generative Models
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Sinkhorn Divergences

the set of continuous functions over X . Following [Cut13], for some regulariza-
tion strength " > 0, we define the "-regularized OT cost between two probability
measures ↵ and � as the optimal value of an entropy-regularized linear problem
that reads, in its dual form:
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Limit values of the OT" cost. A key property of this entropized problem
is that as " tends to zero, its optimal value converges to a genuine Optimal
Transport distance [CDPS17]. At the other end of the spectrum, following
[RTC17], we show in Proposition 6 that
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C(x, y) d↵(x) d�(y). (1)

The entropic bias. At first glance, this limit value looks good enough: the
cost OT1(↵,�) is the average value of C(x, y) over points sampled from ↵

and �. Unfortunately though, this simplistic cost cannot be used as a reliable
divergence between measures. For instance, if C(x, y) = kx � yk on RD, we
know that h↵, k · k ? �i > 0 as soon as ↵ and � are not identical Dirac masses.
Even worse: the probability measure ↵min that minimizes h↵, k · k ? �i is not
�... but a Dirac mass located at its median – see Figure 1.c.

These drawbacks at the limit are present for any regularization strength
" > 0 : in general, there exists a measure � di↵ering from � such that

OT"(�,�) < OT"(�,�). (2)

Consequently, minimizing the cost OT"(↵,�) with respect to ↵ does not allow
us to recover ↵ = �, but rather drives ↵ towards a “median axis”-like structure
of "-localized Fréchet means constructed from � [FCVP17] – see Figure 1.
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Figure 1: Entropic bias in the OT" loss. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution � (in blue) as we minimize OT"(↵,�).
These registrations are performed in the unit square, with an Earth Mover’s
cost C(x, y) = kx� yk.
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Limit values of the OT" cost. A key property of this entropized problem
is that as " tends to zero, its optimal value converges to a genuine Optimal
Transport distance [CDPS17]. At the other end of the spectrum, following
[RTC17], we show in Proposition 6 that

OT"(↵,�)
"!+1������! h↵ , C ? � i def.

=

ZZ
C(x, y) d↵(x) d�(y). (1)
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cost OT1(↵,�) is the average value of C(x, y) over points sampled from ↵

and �. Unfortunately though, this simplistic cost cannot be used as a reliable
divergence between measures. For instance, if C(x, y) = kx � yk on RD, we
know that h↵, k · k ? �i > 0 as soon as ↵ and � are not identical Dirac masses.
Even worse: the probability measure ↵min that minimizes h↵, k · k ? �i is not
�... but a Dirac mass located at its median – see Figure 1.c.

These drawbacks at the limit are present for any regularization strength
" > 0 : in general, there exists a measure � di↵ering from � such that
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Consequently, minimizing the cost OT"(↵,�) with respect to ↵ does not allow
us to recover ↵ = �, but rather drives ↵ towards a “median axis”-like structure
of "-localized Fréchet means constructed from � [FCVP17] – see Figure 1.
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The unbiased Sinkhorn divergence. In many imaging and ML applica-
tions (e.g. shape registration or GAN training), ↵ is a parameterized distribu-
tion: as we fit our model to an observed empirical measure �, the entropic bias
can be highly detrimental to the accuracy of the whole pipeline. Recently, with
heuristic arguments, [GPC18] and [SZRM18] (see also [SBRL18]) thus proposed
to use an unbiased regularized OT cost, or Sinkhorn divergence,
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= OT"(↵,�)� 1

2OT"(↵,↵)� 1
2OT"(�,�) (3)

so that at the very least, S"(�,�) = 0. The insight shared by these papers is
that since OT" converges to an average cost h↵,C ? �i when " tends to infinity
(1), we can show that

S"(↵,�)
"!+1������! 1

2 h↵� � , �C ? (↵� �) i; (4)

which is, if C(x, y) = kx � yk, a well-known quantity: the Energy Distance
MMD. Interpolating between two standard families of divergences, the Sinkhorn
divergences could be expected to share some of their desirable properties.

The present paper shows that this is, indeed, what happens: we prove that
S" is a convex function of each of its input and that, for any measure ↵,

0 = S"(�,�) 6 S"(↵,�). (5)

Information theoretic Sinkhorn divergences. Before moving on to our
contributions, let us mention [AKO17] for the definition of another positive
divergence based on Sinkhorn’s iterations, over the discrete probability simplex.
The present work opts for a rather di↵erent point of view, as we put forward
the geometric structure of our feature space and handle continuous probability
densities.

(a) Regularized OT, OT"(↵,�). (b) Sinkhorn divergence, S"(↵,�).

Figure 2: Removing the entropic bias. Starting from an arbitrary Gaussian
sample, the positions of the red dots that make up a model distribution ↵ are
optimized to fit an empirical distribution �, in blue. As shown in (b), using the
Sinkhorn divergence defined in (3) as an error criterion allows us to remove the
entropic bias from (a): we converge towards a sharp correspondance ↵ = �.
Figures computed in the unit square, with an Earth Mover cost C(x, y) = kx�yk
and a regularization scale " = 0.10.
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<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem: E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1
d )

<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1
d )

<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>



Sample Complexity

n

↵
<latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit><latexit sha1_base64="tOLVHuCcODYvL/AduiUQnUlHORs="></latexit>

↵̂
<latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="> </latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit><latexit sha1_base64="iqmR2w6gptZhqD4tCYOzKsFQvt8="></latexit>

Theorem:

E(|||↵̂� �̂||k � ||↵� �||k|) = O(n� 1
2 )

<latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit><latexit sha1_base64="bag9QVdCb/ToHSbCpc63UssOMBE="></latexit>

E(|Wp(↵̂, �̂)�Wp(↵,�)|) = O(n� 1
d )

<latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit><latexit sha1_base64="cbYjgiZJCXipm2AQqvOxDacQCO0="></latexit>



3. Sinkhorn Divergences
<latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit><latexit sha1_base64="8059AEABI6dOzG7lEVlSmNBW94w="></latexit>

x
<latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit><latexit sha1_base64="tnHRI7CIGe9HGxXgQsL6pnSh4N0="></latexit>

d(x
, y)

<latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit><latexit sha1_base64="YSc1zeK3U+L60W2hN1Qlhtpv1ec="></latexit>

y
<latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit><latexit sha1_base64="J9Ot6Y/jJX6Lus7LxwXmumq8JQY="></latexit>

X
<latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit><latexit sha1_base64="kHl0Wr0M+6y5KvFoG5uf7NUP/Ms="></latexit>

4. Application to
<latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit><latexit sha1_base64="XdF/kOeCy/VSl+ElFt1Gjk+AxL0="></latexit>

Generative Models
<latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit><latexit sha1_base64="xJiDFeF/EVrJwbeUrmy5E00Nt6E="></latexit>

g✓ µ✓

X

⇣

2. Entropic
<latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="></latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit><latexit sha1_base64="NwXjPyYVggfw7my6QNv4L3FzTu0="> </latexit>

Regularization
<latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit><latexit sha1_base64="7G43bxyOPPSQkWKLf/ChfMlJ7Ds="></latexit>

1. Optimal Transport
<latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit><latexit sha1_base64="LcLGhsGkUCeIGqi6hZBzw7B8UV8="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>

Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>



Density Fitting and Generative Models

✓
Parametric model: ✓ 7! ↵✓

<latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit><latexit sha1_base64="YYkL6JTK2uYxh8MNcanIViL0GK4="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit> �

<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>Observations: �
def.
= 1

n

Pn
i=1 �xi

<latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit><latexit sha1_base64="NVr4d97mahJgu8Mr3K/nifIrenM="></latexit> xi
<latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit><latexit sha1_base64="7cnkWZ1dfzNhQUyv3wTbad+Ww28="></latexit>

Density fitting:

Maximum
likelihood (MLE)

d↵✓(x) = ⇢✓(x)dx
<latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit><latexit sha1_base64="HlcoTTfmqnXchl60wS/t+8acRjI="></latexit>

g✓

XZ

⇣

Generative model fit:

! MLE undefined.
! Need a weaker metric.

↵✓ = g✓,]⇣
<latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit><latexit sha1_base64="W/xAH4ZEbKVL5sYCOuVPDm3rS+Q="></latexit>

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>

min
✓

W
p
",p(↵✓,�)

<latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit><latexit sha1_base64="RHDQP6GeQ86dQuovzFvJGv7x/Jc="></latexit>



Deep Discriminative vs Generative Models
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Deep networks:

d⇠(x) = ⇢(⇠K(. . . ⇢(⇠2(⇢(⇠1(x) . . .)



Deep Discriminative vs Generative Models
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g✓(z) = ⇢(✓K(. . . ⇢(✓2(⇢(✓1(z) . . .)
Deep networks:

d⇠(x) = ⇢(⇠K(. . . ⇢(⇠2(⇢(⇠1(x) . . .)



Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>
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✓

E(✓) def.
= W

p
",p(↵✓,�)

<latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit>

✓  ✓ � ⌧rÊ(✓)
<latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit>

Ê(✓) def.
= W

p
",p(

1
m

P
i �g✓(zi),�)

<latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit>



Training Architecture

g✓

Z X y1
<latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit><latexit sha1_base64="7H1S8QwhorAsfW/ryppJL5U4Ekg="></latexit>

yn
<latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit><latexit sha1_base64="TjoBBEODG1m4HabJKUjPHdtFO3E="></latexit>

x1
<latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit><latexit sha1_base64="TKa8+ATXQYu13dSUNb6eZuTq9gM="></latexit>

xm
<latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit><latexit sha1_base64="y94VvRAuL0tMmrUuf79s0MiQwnI="></latexit>

z1
<latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit><latexit sha1_base64="lQu98SkYVCBWl8cdM/Is8CDEXDQ="></latexit>

zm
<latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit><latexit sha1_base64="P2LCIfNrhy+OfEMEZnOxINmbzUM="></latexit>

Stochastic gradient descent
<latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit><latexit sha1_base64="gnJJoE81S9Tv5T2Lrps8W12MZVA="></latexit>

↵✓
<latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit><latexit sha1_base64="tqS2InC8qlXDxr5zFdSAtGfb1do="></latexit>

�
<latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit><latexit sha1_base64="ZvDledmv+Gwz+FxUnlfvrUdxKFc="></latexit>
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E(✓) def.
= W

p
",p(↵✓,�)

<latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit><latexit sha1_base64="PiJWHJFbS74WSpUZvh1mwt8Pg+M="></latexit>

✓  ✓ � ⌧rÊ(✓)
<latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit><latexit sha1_base64="IBy1TwC0khpcsDQ0WUEsOM5LJ+0="></latexit>
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<latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit><latexit sha1_base64="D9LTDFhMi+hdXClQ+qXQvRkTmHs="></latexit>
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<latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit><latexit sha1_base64="Lz1gCqAeSuy9yYYGVdEU4UDCj/g="></latexit>

Generative model
<latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit><latexit sha1_base64="R5N77or/01Y0A7oP7hC+aOWgxHY="></latexit>
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m
)

<latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit><latexit sha1_base64="2WQVkFzbKg4MRHH1h7UwVY1CYnI="></latexit>(z
1
,.
..
,z

m
)

<latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit><latexit sha1_base64="enREZ4Dl2vGNtlbuZrR6QeRIXr8="></latexit>

randn
<latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="></latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="> </latexit><latexit sha1_base64="mZ5VGj109b5XzkMoiRDFOf7aweI="> </latexit>

Sinkhorn, ` = 0, . . . , L� 1
<latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit><latexit sha1_base64="FiQlX4qhSPgUdFRqTHegt+AnGcU="></latexit>

Ê(✓)
<latexit sha1_base64="DOAj8LQNmSSVEb7VyB56WHfYE8w="></latexit><latexit sha1_base64="DOAj8LQNmSSVEb7VyB56WHfYE8w="></latexit><latexit sha1_base64="DOAj8LQNmSSVEb7VyB56WHfYE8w="></latexit><latexit sha1_base64="DOAj8LQNmSSVEb7VyB56WHfYE8w="></latexit>b

<latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit>

a
<latexit sha1_base64="1/QGMkJkprJeum8YzCaXWt1phvA="></latexit><latexit sha1_base64="1/QGMkJkprJeum8YzCaXWt1phvA="></latexit><latexit sha1_base64="1/QGMkJkprJeum8YzCaXWt1phvA="></latexit><latexit sha1_base64="1/QGMkJkprJeum8YzCaXWt1phvA="></latexit>

b
<latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit><latexit sha1_base64="iLtaXRqdw3+ewzgnZcMnwKGWYGc="></latexit>

h(C �K)b, ai
<latexit sha1_base64="bTj5wob3fZisgNThX8rywgm7H5A="></latexit><latexit sha1_base64="bTj5wob3fZisgNThX8rywgm7H5A="></latexit><latexit sha1_base64="bTj5wob3fZisgNThX8rywgm7H5A="></latexit><latexit sha1_base64="bTj5wob3fZisgNThX8rywgm7H5A="></latexit>

(dp(xi, yj))i,j
<latexit sha1_base64="JdisBtcz53UgAh2eCi1NPNdGUeA="></latexit><latexit sha1_base64="JdisBtcz53UgAh2eCi1NPNdGUeA="></latexit><latexit sha1_base64="JdisBtcz53UgAh2eCi1NPNdGUeA="></latexit><latexit sha1_base64="JdisBtcz53UgAh2eCi1NPNdGUeA="></latexit>

Ê(✓) def.
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p
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1
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P
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<latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit><latexit sha1_base64="Psymb2JEZN6gfrBMBtswK9hlfQU="></latexit>



Examples of Images Generation

(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

digits in Figure 1c are more natural with smooth outline and sharper strike. For CIFAR-10 dataset,
both GMMN variants fail to generate meaningful images, but resulting some low level visual features.
We observe similar cases in other complex large-scale datasets such as CelebA and LSUN bedrooms,
thus results are omitted. On the other hand, the proposed MMD GAN successfully outputs natural
images with sharp boundary and high diversity. The results in Figure 1 confirm the success of the
proposed adversarial learned kernels to enrich statistical testing power, which is the key difference
between GMMN and MMD GAN.

If we increase the batch size of GMMN to 1024, the image quality is improved, however, it is still
not competitive to MMD GAN with B = 64. The images are put in Appendix C. This demonstrates
that the proposed MMD GAN can be trained more efficiently than GMMN with smaller batch size.

Comparisons with GANs: There are several representative extensions of GANs. We consider
recent state-of-art WGAN [8] based on DCGAN structure [34], because of the connection with MMD
GAN discussed in Section 4. The results are shown in Figure 2. For MNIST, the digits generated
from WGAN in Figure 2a are more unnatural with peculiar strikes. In Contrary, the digits from
MMD GAN in Figure 2d enjoy smoother contour. Furthermore, both WGAN and MMD GAN
generate diversified digits, avoiding the mode collapse problems appeared in the literature of training
GANs. For CelebA, we can see the difference of generated samples from WGAN and MMD GAN.
Specifically, we observe varied poses, expressions, genders, skin colors and light exposure in Figure
2b and 2e. By a closer look (view on-screen with zooming in), we observe that faces from WGAN
have higher chances to be blurry and twisted while faces from MMD GAN are more spontaneous with
sharp and acute outline of faces. As for LSUN dataset, we could not distinguish salient differences
between the samples generated from MMD GAN and WGAN.

5.2 Quantitative Analysis

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score [28] on CIFAR-10 images. The inception score is used for GANs to measure samples quality
and diversity on the pretrained inception model [28]. Models that generate collapsed samples have
a relatively low score. Table 1 lists the results for 50K samples generated by various unsupervised
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⇣

Inputs �
<latexit sha1_base64="EdhKbt0P7i99Zfk40uEaZs9tvzw="></latexit><latexit sha1_base64="EdhKbt0P7i99Zfk40uEaZs9tvzw="></latexit><latexit sha1_base64="EdhKbt0P7i99Zfk40uEaZs9tvzw="></latexit><latexit sha1_base64="EdhKbt0P7i99Zfk40uEaZs9tvzw="></latexit><latexit sha1_base64="EdhKbt0P7i99Zfk40uEaZs9tvzw="></latexit>

Generated ↵✓
<latexit sha1_base64="pVyjNN+zkTITThnFygYzZkbbySw="></latexit><latexit sha1_base64="pVyjNN+zkTITThnFygYzZkbbySw="></latexit><latexit sha1_base64="pVyjNN+zkTITThnFygYzZkbbySw="></latexit><latexit sha1_base64="pVyjNN+zkTITThnFygYzZkbbySw="></latexit><latexit sha1_base64="pVyjNN+zkTITThnFygYzZkbbySw="></latexit>

g✓

X

Z

↵✓
<latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit><latexit sha1_base64="lWnDUgue/pmzTJYmkYn0saVTkWY="></latexit>

�
<latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit><latexit sha1_base64="/IX3qCorxR4bVe9DcVqsRyK1ko8="></latexit>



Examples of Images Generation

(a) WGAN MNIST (b) WGAN CelebA (c) WGAN LSUN

(d) MMD GAN MNIST (e) MMD GAN CelebA (f) MMD GAN LSUN

Figure 2: Generated samples from WGAN and MMD GAN on MNIST, CelebA, and LSUN bedroom
datasets.

digits in Figure 1c are more natural with smooth outline and sharper strike. For CIFAR-10 dataset,
both GMMN variants fail to generate meaningful images, but resulting some low level visual features.
We observe similar cases in other complex large-scale datasets such as CelebA and LSUN bedrooms,
thus results are omitted. On the other hand, the proposed MMD GAN successfully outputs natural
images with sharp boundary and high diversity. The results in Figure 1 confirm the success of the
proposed adversarial learned kernels to enrich statistical testing power, which is the key difference
between GMMN and MMD GAN.

If we increase the batch size of GMMN to 1024, the image quality is improved, however, it is still
not competitive to MMD GAN with B = 64. The images are put in Appendix C. This demonstrates
that the proposed MMD GAN can be trained more efficiently than GMMN with smaller batch size.

Comparisons with GANs: There are several representative extensions of GANs. We consider
recent state-of-art WGAN [8] based on DCGAN structure [34], because of the connection with MMD
GAN discussed in Section 4. The results are shown in Figure 2. For MNIST, the digits generated
from WGAN in Figure 2a are more unnatural with peculiar strikes. In Contrary, the digits from
MMD GAN in Figure 2d enjoy smoother contour. Furthermore, both WGAN and MMD GAN
generate diversified digits, avoiding the mode collapse problems appeared in the literature of training
GANs. For CelebA, we can see the difference of generated samples from WGAN and MMD GAN.
Specifically, we observe varied poses, expressions, genders, skin colors and light exposure in Figure
2b and 2e. By a closer look (view on-screen with zooming in), we observe that faces from WGAN
have higher chances to be blurry and twisted while faces from MMD GAN are more spontaneous with
sharp and acute outline of faces. As for LSUN dataset, we could not distinguish salient differences
between the samples generated from MMD GAN and WGAN.

5.2 Quantitative Analysis

To quantitatively measure the quality and diversity of generated samples, we compute the inception
score [28] on CIFAR-10 images. The inception score is used for GANs to measure samples quality
and diversity on the pretrained inception model [28]. Models that generate collapsed samples have
a relatively low score. Table 1 lists the results for 50K samples generated by various unsupervised
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<latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit><latexit sha1_base64="YB0kEZhFjqaK9rjtxjJW/2ofS8U="></latexit>

Metric learning for OT:
<latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit><latexit sha1_base64="2NM/j1ViHzfm3PmxgstkJXvHFuM="></latexit>

z g✓
z

x d⇠

! Adversarial training to
<latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit><latexit sha1_base64="UbPo9KPe3HOZwp6Pxn5uRvpqzL0="></latexit>

leverage multi scale priors?
<latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit><latexit sha1_base64="r2ZnErY6zD4PXpuVN5SgjfQ8TIw="></latexit>

Beyond comparing measures:
<latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit><latexit sha1_base64="8kqAVkHKb+nHyHHxK7tO4K5efN4="></latexit>

! Using Gromov-Wasserstein geometry?
<latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit><latexit sha1_base64="J3dnRv4BLvSD9YoImRi19pxztrc="></latexit>

! Learning for surfaces, graphs, metric spaces?
<latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit><latexit sha1_base64="AgOYMb1GypuyFiE4GGVuc5Ck/a0="></latexit>


