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The Main Model

(P)  max{f(Ax) — ()},

> AERnXd

» f:R" — (—o0, 00| proper, closed, strongly convex;

v

g : RY — (—o0, 00] proper closed convex with a compact domain;
dom(g) C dom(h), where h(x) = f(Ax).

v

convention: 0o — 00 = —00O
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The Main Model

(P)  max{f(Ax) — ()},

> AERnXd

» f:R" — (—o0, 00| proper, closed, strongly convex;

v

g : RY — (—o0, 00] proper closed convex with a compact domain;

» dom(g) C dom(h), where h(x) = f(Ax).
convention: 0o — 00 = —00
MAIN GOALS:

» improved optimality conditions

» develop randomized dual-based decomposition methods
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Three PCA Prototype Problems
MODEL I: “standard PCA"

Given n points ay,...,a, € RY find a normalized vector x € R? for

which the projected data af x,a] x,...,a x has maximum variance
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Three PCA Prototype Problems
MODEL I: “standard PCA"

Given n points ay,...,a, € RY find a normalized vector x € R? for
which the projected data af x,a] x,...,a x has maximum variance

» Under the assumption that > ; a; = 0, the problem is

n

max = ) (a/x)%
x[l2=1 2 <=
i=1
al
» Denote A= | : [ € R™9. Then the problem is
a;

1
(PCA) max 5 S IAx3.

> Fits model (P) with f(:) = 3|/ - [|3 and g = 0B,[0,1)-
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Model Il: Sparse PCA

Additional information: sought vector is sparse.
> [d'Aspremont et. al. 05']
(SPCA)  max{0.5]|Ax[3 : [Ix]l2 < 1, [Ix]lo < s},

IIx|lo = #{i : xi # 0}, s < d.
DOES NOT FIT MODEL (P) (feasible set nonconvex)
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Model Il: Sparse PCA

Additional information: sought vector is sparse.
> [d'Aspremont et. al. 05']

(SPCA)  max{0.5][Ax|3 : [xll2 < 1, [|xllo < s},

IIx|lo = #{i : xi # 0}, s < d.
DOES NOT FIT MODEL (P) (feasible set nonconvex)

» BUT... equivalent to
max{0.5||Ax||3 : x € conv(B,[0,1] N C)},

Cs = {x: [lx[lo < s}.
> Fits model (P) with f(:) = 3|/ - [|3 and g = Sconv(B2[0,1]NCs)-
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Model IlI: Square Root PCA

second interpretation of PCA (pearson 1901):

Given ai,...,a, € RY find x €| =
RY ||x|l2 = 1 for which the sum of | &
distances? of aj,ap,...,a, to sp(x)| =

is minimal. e
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Model IlI: Square Root PCA

second interpretation of PCA (pearson 1901):

Given aj,...,a, € RY find x €| = ., =

RY ||x|l2 = 1 for which the sum of | &

distances? of a,az,...,a, to sp(x) |

is minimal. e A
| 4

(PCA') min > llai — (@l x)x3.

SAME RESULT AS PCA!
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Model IlI: Square Root PCA

second interpretation of PCA (pearson 1901):

Given aj,...,a, € RY find x €| = ., =

RY ||x|l2 = 1 for which the sum of | &

distances? of a,az,...,a, to sp(x) |

is minimal. e A
| 4

(PCA') min > llai — (@l x)x3.

SAME RESULT AS PCA!
> A robust version of (PCA"): minjy,—1 > 7 llai — (a] x)x|2,
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Model IlI: Square Root PCA

second interpretation of PCA (pearson 1901):

Given aj,...,a, € RY find x €| = ., =

RY ||x|l2 = 1 for which the sum of | &

distances? of a,az,...,a, to sp(x) |

is minimal. e A
| 4

(PCA') min > llai — (@l x)x3.

SAME RESULT AS PCA!
> A robust version of (PCA"): minjy,—1 > 7 llai — (a] x)x|2,

> & minjy,—1 21— 4/ [[aill5 — (ai, x)?
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Model IlI: Square Root PCA
second interpretation of PCA (pearson 1901):

Given aj,...,a, € RY find x €| = ., =

RY ||x|l2 = 1 for which the sum of | &

distances? of a,az,...,a, to sp(x) |

is minimal. e A
| 4

(PCA') min > llai — (@l x)x3.

SAME RESULT AS PCA!
> A robust version of (PCA"): minjy,—1 > 7 llai — (a] x)x|2,

> & minjy,—1 21— 4/ [[aill5 — (ai, x)?

> & minjg,<1 i1 1/ llaill3 — (ai,x)? (by concavity)
NOT SMOOTH OVER THE DOMAIN. We will consider a
smooth approximation (a better reason in the sequal)
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Model IlI: Square Root PCA

(SRPCA)  max —Z\/Ha,n2 (ar,x)2 + €2,

[[x[l2<1

Fits model (P) with

~Sia a3 +e2 =2 |zl < Il + <2,
f(z) =

00 else,

g = 0B,[0,1]-

Note: the inclusion dom(g) C dom(f o A) holds.
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Three PCA Models

name f(x) g(x)
PCA 311x[13 9B,10,17(x)
SPCA 113 Sconv(B,]0,1]nC,) (X)
=37 Va3 + &2 — x?
SRPCA 2171 H HQ Xi 532[071]()()
(Ixi] < Vlaill3 +£2)

The two options for f are strongly convex
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Optimality Conditions

> Recall the main model: (P) max,crs{f(AX) — g(x)}
» instance of DC optimization [review - Horst, Thoai '99]

General DC problem:

max s(x) — t(x)

s, t - extended real-valued convex functions, dom(t) C dom(s)
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Optimality Conditions

> Recall the main model: (P) max,crs{f(AX) — g(x)}
» instance of DC optimization [review - Horst, Thoai '99]

General DC problem:

max s(x) — t(x)

s, t - extended real-valued convex functions, dom(t) C dom(s)

Most fundamental necessary optimality condition: CRITICALITY

X opt. = 9s(X)NIt(x) # 0

criticality
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Optimality Conditions

> Recall the main model: (P) max,crs{f(AX) — g(x)}
» instance of DC optimization [review - Horst, Thoai '99]

General DC problem:

max s(x) — t(x)

s, t - extended real-valued convex functions, dom(t) C dom(s)

Most fundamental necessary optimality condition: CRITICALITY

X opt. = 9s(X)NIt(x) # 0
_ _ criticality
» can be replaced by ds(x) C 9t(x)
» another condition is stationarity = lack of feasible ascent directions.
> In general, criticality is weaker than stationarity. More results [Pang
et. al. '17]
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Stationarity vs. Criticality

The function 2|y| — y; has three critical points y = —2,0, 2.
Among them y = —2 2 are stationary points
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Back to the Main Model

(P)  max{f(Ax) — g(x)},

» Criticality. AT0f(AX) N dg(xX) # ()

> In all three PCA models, f is continuously differentiable over dom(g)
and criticality <= stationarity.
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Back to the Main Model

(P)  max{f(Ax) — g(x)},
» Criticality. AT0f(AX) N dg(xX) # ()

> In all three PCA models, f is continuously differentiable over dom(g)
and criticality <= stationarity.

» Can we do better?
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Back to the Main Model

(P)  max{f(Ax) — g(x)},
» Criticality. AT0f(AX) N dg(xX) # ()

> In all three PCA models, f is continuously differentiable over dom(g)
and criticality <= stationarity.

» Can we do better? YES - through duality.

Amir Beck - Tel Aviv University Dual Randomized Coordinate Descent Method for Solving a Class of Nonconvex RfboBl&hs



Toland Duality

main model:

) e =k
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Toland Duality

main model:

) e =k

> use the fact that f(Ax) = f**(Ax) = maxycr» {(AX,y) — f*(y)}
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Toland Duality

main model:

) e =k

> use the fact that f(Ax) = f**(Ax) = maxycr» {(AX,y) — f*(y)}
> Maxyerd Maxyere { (AX,y) — F*(y) — g(x)}-
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Toland Duality

main model:

) e =k

> use the fact that f(Ax) = f**(Ax) = maxycr» {(AX,y) — f*(y)}
> Maxyerd Maxyere { (AX,y) — F*(y) — g(x)}.
> maxycrr Max,cpd{ (AX,y) — F*(y) — g(x)}.
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Toland Duality

main model:

) e =k

use the fact that f(Ax) = f**(Ax) = maxyecrnr {(AX,y) — f*(y)}
maxera maxyers{ (Ax, y) — f*(y) — g(x)}.

maXycrr Max,crd{ (AX,y) — F*(y) — g(x)}.
Obtain the Toland dual problem [Toland, '78,'79]:

vV v vY

(D) max{qly) = g" (ATy) — f(y)}.

» DC problem (nonconvex)
» f* - also C11, g* - real-valued
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Duality Examples
e PCA

1
P 0.5/|Ax||3 D-PCA ATyl — Zlyl2 .
() max 05|Axl3  (-PCA) max{ ATyl - 2

[
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Duality Examples
e PCA
1
P 5/|Ax||3 D-PCA ATyl —Zllyl3 ¢ -
(P) H)TI?;IOSII x|l (D-PCA) yrgiﬁg;{\l yll2 2||y||2}

e sparse PCA
(SPCA) max{0.5||Ax|)3 : x € conv(B»[0,1] N C)}

1
(D-SPCA)  max {H To(ATy) |2 — zuyug} (Ts — hard thresholding)
yeR"
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Duality Examples
e PCA

() max 05|Axl3  (0-PCA) mac{ 1Ay~ Syl
2

e sparse PCA
(SPCA) max{0.5||Ax|)3 : x € conv(B»[0,1] N C)}

(D-SPCA)  max {\ To(ATy) |2 — Hsz} (Ts — hard thresholding)
ye

e square-root PCA

(SRPCA)  max —Z\/Ha,Hg (@i, x)? + &2,

) T _ |12 2 2
(D-SRPCA) yn;%xn{nA yll2 ;\/!alllz+€\/y;+1}-
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Primal Dual Relations

global optimality:
> y opt. for (D) = x € 9g*(ATy) opt. for (P).
» X opt. for (P) = y € Of(AX) opt. for (D).
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Primal Dual Relations

global optimality:
> y opt. for (D) = x € dg*(ATY) opt. for (P).
» X opt. for (P) = y € Of(AX) opt. for (D).
optimality conditions:
> y critical pt. of (D) = any x € dg*(ATy) s.t. Vf*(y) = Ax is
critical for (P).
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Primal Dual Relations

global optimality:
> y opt. for (D) = x € dg*(ATY) opt. for (P).
» X opt. for (P) = y € Of(AX) opt. for (D).
optimality conditions:
> y critical pt. of (D) = any x € dg*(ATy) s.t. Vf*(y) = Ax is
critical for (P).

> | ¥ stationary pt. of (D) = x € 9g*(ATY) is critical for (P).
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Primal Dual Relations

global optimality:
> y opt. for (D) = x € dg*(ATY) opt. for (P).
» X opt. for (P) = y € Of(AX) opt. for (D).
optimality conditions:
> y critical pt. of (D) = any x € dg*(ATy) s.t. Vf*(y) = Ax is
critical for (P).

> | ¥ stationary pt. of (D) = x € 9g*(ATY) is critical for (P).

Definition: X € dom(g) is a dual-stationary point of (P) if x €
0g*(ATy) for some stationary point § € R™ of (D). J
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Primal Dual Relations

global optimality:
> y opt. for (D) = x € dg*(ATY) opt. for (P).
» X opt. for (P) = y € Of(AX) opt. for (D).
optimality conditions:

> y critical pt. of (D) = any x € dg*(ATy) s.t. Vf*(y) = Ax is
critical for (P).

> | ¥ stationary pt. of (D) = x € 9g*(ATY) is critical for (P).

Definition: x € dom(g) is a dual-stationary point of (P) if x €
0g*(ATy) for some stationary point § € R™ of (D). J

Result:

‘OPTIMALITY = DUAL STATIONARITY =- CRITICALITY ‘
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Example

1

(P1) max{(xl +x)%: x| <1, x| < 1}.
X1,X2 2

» critical (=stationary points in this case) are

{1, )T x4+ x=0|x| <1 |x <1}u{(-1,-1)7,1,1)7}.

> dual stationary pts. are (—1,—1)7,(1,1)", which are the global
optimal solutions.
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So Far...

> Improved duality-based conditions.
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So Far...

> Improved duality-based conditions.

Next
Devise duality-based methods that

(a) converge in some sense to dual-stationary points;
(b) able to tackle large-scale instances
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So Far...
> Improved duality-based conditions.

Next
Devise duality-based methods that

(a) converge in some sense to dual-stationary points;

(b) able to tackle large-scale instances

Example of a scalable method for PCA:
Oja’s method (variant of stochastic projected gradient):

)N(kJrl

K= ||k where X1 = x* + ta;,,

variants and more results [Shamir '16]
Objective: define a simple/cheap method for the general (P) that
converges to dual-stationary pts.
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Back to the Dual Problem

(D) max{q(y) = g*(ATy) — f*(y) }
yeR —_——— ~——

real—valued  CU! function
Equivalent to (D) minycra{f*(y) — g*(ATy)}.
— ——

Ccl1 real—valued
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Back to the Dual Problem

(D) max{q(y) = g*(ATy) — f*(y) }
yeR —_——— ~——

real—valued  CU! function
Equivalent to (D) minycra{f*(y) — g*(ATy)}.
—  ——

cut real—valued
Idea: employ a randomized coordinate descent (RCD) method on (D)

The RCD Method
Input. (F,t% r) where F: R” = R, t% € R™, r € (0, o0]
General Step. For any Kk =0,1, ...

(a) pick ix € [n] at random (assume uniform for simplicity)
: k ok k k k
(b) compute a € ar%mlr] F(tr ty, s ti st tiy1s 5 tn);
te|—r,r

(c) set t,-IZH = « and tj“l = tf‘ for j # k.
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Convergence of RCD in the Dual Space

Theorem [Beck, Hallak 2020] Let F =f; — f;
» fi : R" — R differentiable convex
»  :R" — R convex.

Let {yk}kzo be generated by RCD. Then almost surely, all accumulation
points of {y*}x>o are stationary points of the problem miny F(y).
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Dual RCD for Solving | (P) maxycrs{f(AX) — g(x)}

Primal Sequence: x* ¢ 9g*(ATy*) (y* - dual sequence, z = ATyk)
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Dual RCD for Solving | (P) maxycrs{f(AX) — g(x)}
Primal Sequence: x* ¢ 9g*(ATy*) (y* - dual sequence, z = ATyk)
Dual RCD (Input: (f,g,A), r € (0,00])

Initialization. y° =0 € R",z° = 0 € RY.

General Step. For any k=0,1,... K,

(a) pick ix € [n] at random
(b) compute

tk € ar%mir} {f*(yk + (t - yl{j)eik) - g*(zk + (t - .yik)aik)};
te|—r,r

(c) update y**' =y  + (tk — y{)e;, and K1 = 2* + (ti — y;,)a;,.
Output: X, € 9g*(2K*1).

k+1

Form: |z =zK + Skaj, |} & = 0p,[0,1) = normalization of output:
Xout = ZK+1/”ZK+1”2'
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Dual RCD for Solving | (P) maxycrs{f(AX) — g(x)}

Primal Sequence: x* ¢ 9g*(ATy*) (y* - dual sequence, z = ATyk)

Dual RCD (Input: (f,g,A), r € (0,00])
Initialization. y° =0 € R",z° = 0 € RY.
General Step. For any k=0,1,... K,

(a) pick ix € [n] at random

(b) compute

tk € ar%mir} {f*(yk + (t - yl{j)eik) - g*(zk + (t - .yik)aik)};
te|—r,r

(c) update y**' =y  + (tk — y{)e;, and K1 = 2* + (ti — y;,)a;,.
Output: X, € 9g*(2K*1).

Form:

z

k+1

= Zk + Skaj,

Xout = ZK+1/”ZK+1H2'
Different then Oja’s method for PCA (repeated normalization):

Amir Beck - Tel Aviv University

; 8 = 0p,[0,1) = normalization of output:

KL = gL/ |55, where %571 = XK + ey,
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Primal Convergence of Dual RCD

Theorem
> let {y*}x>0 be generated by RCD employed on

—q(y) = f*(y) —g"(ATy)

> ‘ assume that —qg has bounded level sets ‘
> let xK € 9g*(ATyk).

= a.s. all accumulation pts. of {x},>¢ are dual stationary pts. of (P).

4

» assumption also required to make the method well-defined.

» not always easy to verify
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Replacing the Bounded Level Sets Assumption
h(td’
» asymptotic function of a proper h: ho(d) = liminf Q
d’—d,t—o00 t

» known result: if ho(d) > 0Vd # 0 = h has bounded level sets.
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Replacing the Bounded Level Sets Assumption

. . . . . h(td)
» asymptotic function of a proper h: h(d) = liminf ——=.

d’—d,t—o00 t
» known result: if ho(d) > 0Vd # 0 = h has bounded level sets.
» conclusion: it is enough to assume

[C] (—goo)(d) = (F*() — &"(AT+))sc(d) > 0 Vd # 0.

However, condition [C] is not explicit. Need a calculus rule for
asymptotic functions!
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Replacing the Bounded Level Sets Assumption

. . . . . h(td)
» asymptotic function of a proper h: h(d) = liminf ——=.

d’—d,t—o00 t
» known result: if ho(d) > 0Vd # 0 = h has bounded level sets.
» conclusion: it is enough to assume

[C] (—ge0)(d) = (F(-) —g"(AT-))c(d) > 0 Vd # 0.
However, condition [C] is not explicit. Need a calculus rule for
asymptotic functions!

Lemma. Suppose u, v real-valued such that v is Lipschitz continuous
and convex. Then

(U= V)oo = Uso — Voo
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Replacing the Bounded Level Sets Assumption
h(td’
» asymptotic function of a proper h: ho(d) = liminf g
d’—d,t—o00 t

» known result: if ho(d) > 0Vd # 0 = h has bounded level sets.
» conclusion: it is enough to assume

[C] (—ge0)(d) = (F(-) —g"(AT-))c(d) > 0 Vd # 0.
However, condition [C] is not explicit. Need a calculus rule for
asymptotic functions!

Lemma. Suppose u, v real-valued such that v is Lipschitz continuous
and convex. Then

(U= V)oo = Uso — Voo

Result. Bounded level set assumption can be replaced by

[C] (F)so(d) — (g%)oc(ATd) >0

4
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Validity of [C] for the 3 PCA Models

name f(x) g(x)
PCA L1x[13 d8,00,1(X)
SPCA 11x|13 conv(B>[0,1]0C,) (X)
=S VailE+e2-2?
SRPCA 2171 || ||2 i 632[071]()()
(Iz1] < V/llaill5 + €2)

PCA,SPCA: f*(y) = 1[ly[3 = (f*)s(d) = 00 Vd # 0
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Validity of [C] for the 3 PCA Models

name f(x) g(x)
PCA L1x[13 d8,00,1(X)
SPCA 11x|13 conv(B>[0,1]0C,) (X)
=S VailE+e2-2?
SRPCA 2171 || ||2 i 632[071]()()
(Iz1] < V/llaill5 + €2)

PCA,SPCA: f*(y) = 1[ly[3 = (f*)s(d) = 00 Vd # 0
SRPCA: £(y) = X7y \/[laill3 + 2\/y? + 1= (F*)oe(d) =
S0 v/llaill3 +€2|di|. [C] follows by the fact that

> \/lail3 + €2|di| — |ATd]|2 > 0 for all d # 0.
i=1
(would not work without smoothing)
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Convergence Rate when g = 0,01

problem (P) amounts to

(P) max{f(Ax) : [[x|l2 <1}

Dual: Qopt = myax{q(y) = ”ATy”2 - f*(y)} .

Assumption: argmin f(x) = {0}.
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Convergence Rate when g = 0,01

problem (P) amounts to
(P) max{f(Ax) : [[x|l2 <1}
Dual: Gopt. = max {q(y) = ATyl = F(y) }
y
Assumption: argmin f(x) = {0}.

Lemma. If y? = 0, then the dual objective function q is differentiable
at y for all k > 1 (as well as all accumulation pts)
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Convergence Rate when g = 0,01

problem (P) amounts to
(P)  max{f(Ax) : x> <1}
Dual: Gopt = max{q(y) = |ATy|> — f*(y)} .
y
Assumption: argmin f(x) = {0}.

Lemma. If y? = 0, then the dual objective function q is differentiable
at y for all k > 1 (as well as all accumulation pts)

Theorem. Let {y¥},>0 be generated by the RCD method employed
on —q with initialization y° = 0. Then

} 2nL max
min B(IVa(y)I3) < =7 (qons — 9(0))

geuay

where Lax - maximum of coordinate Lipschitz constants of f*.

.
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Dual RCD Methods for PCA

(PCA)  max [[Ax[3  (D-PCA)  max{[[ATyl>~05]y[3}.

lIx]l2<

1-D minimization problem solved at each iteration (z¥ = ATyk)

(D) min {h(t) = 05]y* + (¢ — y)es | — 12" + (¢ — y¥Iallo}

reduces to the finding roots of a quartic polynomial
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Dual RCD Methods for PCA

PCA Ax||2 D-PCA ATyl — 0.5/vI2)
(PCA)  max, Ax]3  (D-PCA) - max {|IATyl2 - 05[]}

1-D minimization problem solved at each iteration (z¥ = ATyk)
(1D)  min { h(t) = 05]ly* + (¢ — y¥)eq I — 12+ (¢ = yf)ai |12}
reduces to the finding roots of a quartic polynomial

Dual RCD Method for PCA

Initialization. y° = 0,2° = 0.

General Step. For any k=0,1,...K,

(a) pick ix € [n] at random.

(b) find a solution t; of problem (1D)

(c) y**! =yk+ (tx - .yil:)el'k7zk+1 = 2K+ (tx — yi, ),

K+1
. — Y4
Output: Xout = LT
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Dual RCD Methods for SRPCA

P - i3 — (ai,x)2 4+ ¢2,(D Ayl — i3 +e2/y2+1p.
(P) max, =3yl = 2007 + 22, )yn;%{| vl iz_lj¢|a|2+e¢y,+}

1-D minimization solved at each iteration (zX = ATyk 3k = 2k — y, a;)
(1D) min {h3(t) =/llall5 +e2vt2 +1 - \/||i’<|\§ +2tal 2k + t2|a,-k||§} ,

reduces to the finding roots of a quartic polynomial
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Dual RCD Methods for SRPCA

P) max — \/ai2—ai,x2-‘r€2,Dmax ATyl — \/a,-2+52\/.2+1 .
(P) max, = /Il = an. )"+ 2.0 ma { 1Ayl = 3/ + <2

1-D minimization solved at each iteration (zX = ATyk 3k = 2k — y, a;)

(1D) min {h3(t) = \l2i B+ 2V +1— /343 + 2ra] 2 + t2a,-k||§} ,

reduces to the finding roots of a quartic polynomial

Dual RCD Method for SRPCA

Initialization. y° = 0,2° = 0.

General Step. For any Kk =0,1,...K,

(a) pick ik € [n] at random.

(b) find a solution t of problem (1D)

(c) ¥ =y + (tk — y)ei, 25T = 2 + (tk — yi ),

K+1
. J— Y4
Output: Xou = TR,
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Dual RCD Methods for SPCA

(P)max{[[Ax[3 : [Ixl2 < 1, [x]lo < s} (D) max{||Ts(ATy)[l> — 0.5]ly|l3}-
1-D minimization problem solved at each iteration (z¥ = ATyk)

(10)  min {0.5]ly* + (¢ = yf)ei, I3 — | Te(2* + (£ = vf)ai) 2}
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Dual RCD Methods for SPCA

(P)max{[[Ax[3 : [Ixl2 < 1, [x]lo < s} (D) max{||Ts(ATy)[l> — 0.5]ly|l3}-
1-D minimization problem solved at each iteration (z¥ = ATyk)

(10)  min {0.5]ly* + (¢ = yf)ei, I3 — | Te(2* + (£ = vf)ai) 2}

> Same type of update formula z**1 = 2 + (¢, — y;, )a;,

» No explicit formula for the solution of (1D) problem
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Solving the 1D Problem

mtin {Ruw(t) = 0.5t% — || To(v + tw)]|2}

» Result 1: all optimal solutions are in [—||w||2, [|[w]|2]
» Result 2: R, is 2||w||>-Lipschitz continuous

2.86888 3.39658
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Summary - Main Points

(P)  max{f(Ax) - g(x)},

(D) max{q(y) = g"(ATy) — f*(y)}.

» duality-stationarity is a stronger condition than criticality.

» dual randomized coordinate descent algorithms converge a.s. to
dual-stationary points

» form of dual RCD: 2Kt = zK + s a;, . s is a solution of a 1D
problem.

THANK YOU FOR YOUR ATTENTION!!
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